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NATURAL ORBITALS FOR THE NO-CORE CONFIGURATION
INTERACTION APPROACH
Abstract
by
Chrysovalantis Constantinou
Ab initio calculations face the challenge of describing a complex multiscale quan-
tum many-body system. The nuclear wave function has both strong short-range
correlations and long-range contributions.
Natural orbitals provide a means of adapting the single-particle basis for ab initio
no-core configuration interaction (NCCI) calculations to better match the many-body
wave function. Natural orbitals are obtained by diagonalizing the one-body density
matrix from a calculation using an initial single-particle reference basis, such as the
traditional harmonic oscillator basis. The natural orbital basis builds in contributions
from high-lying oscillator shells, thus accelerating convergence of wave functions,
energies, and other observables.
The convergence of the ground and excited state energies, radii, and electromag-
netic observables of He, Li, and Be isotopes calculated using natural orbitals in ab
initio NCCI calculations is discussed. It is found that electromagnetic observables
involving the M1 operator fully converge, while the calculated energies, radii, and
observables involving the E2 operator converge significantly faster with the natu-
ral orbital basis than with the harmonic oscillator basis. The use of infrared (IR)
extrapolation schemes with the natural orbital calculations is also explored.
To my cousin Ioannis Constantinou who was fighting a hard battle when this
dissertation was under way.
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CHAPTER 1
AB INITIO METHODS IN NUCLEAR STRUCTURE THEORY
This work introduces natural orbitals for nuclear no-core configuration interaction
(NCCI) calculations. The NCCI approach is an ab initio method (i.e., from first
principles) used for the description of the structure of light nuclei (A . 24) [1–3].
This introductory chapter attempts to provide an overview of ab initio methods used
in nuclear physics, discuss various (realistic) internucleon interactions used with ab
initio methods, and discuss the challenges ab initio methods face, with an emphasis
on the NCCI approach which is used in this work.
The atomic nucleus is a strongly-correlated, self-bound, quantum many-body sys-
tem. Its building blocks are protons and neutrons which are themselves complex rela-
tivistic many-body systems consisting of quarks and gluons. In the low energy regime
of nuclear physics the underlying quantum chromodynamics (QCD) degrees of free-
dom are not excited. To obtain information about the structure of the atomic nucleus
one needs to solve the many-body nuclear Hamiltonian using a method appropriate
to the nucleus under study.
Ab initio methods strive to describe the nucleus using internucleon interactions
as the starting point. Due to the large model spaces used, these methods require the
computational power provided by supercomputers [4]. The main differences between
ab initio and traditional methods include the use of realistic internucleon interactions
instead of phenomenological interactions and the equal treatment of all the nucleons
in the problem. For example, in the NCCI approach all the nucleons interact via
realistic internucleon interactions which are usually constructed by fitting experi-
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mental data (as briefly described below). The NCCI model space is constructed by
distributing all the nucleons over a selected set of single-particle orbitals (usually a
truncation scheme is used which restricts the possible configurations of the nucleons
among these orbitals). In contrast, in the traditional shell model a phenomenological
mean field created by all the nucleons is taken as the potential which confines the
nucleons. The model space is constructed by distributing the valence nucleons over
single-particle orbitals residing outside the “frozen” single-particle orbitals occupied
by the core nucleons (the core is usually a doubly magic nucleus). The core does not
explicitly interact with the valence nucleons. To account for configuration mixing a
residual interaction is included in the shell model Hamiltonian [5, 6], and the solution
is then obtained by diagonalizing the Hamiltonian in the selected model space.
Internucleon interactions can be derived in a number of ways. For example, chiral
effective field theory (χEFT) [7, 8] is used to derive internucleon interactions from
first principles. The Idaho N3LO [9] nucleon-nucleon (NN) interaction is an example
of an interaction derived using this approach. In chiral effective field theory the
QCD Lagrangian is written as an infinite series of terms with increasing number
of derivatives and/or nucleon fields. Applying this Lagrangian to NN scattering
generates an infinite number of Feynman diagrams. Expanding the nucleon potential
in terms of (Q/Λχ)
ν , where Q denotes a momentum or pion mass, Λχ ≈ 1 GeV is the
chiral symmetry breaking scale, and ν ≥ 0 makes the problem tractable. For a given
ν the number of terms is finite and calculable. The N3LO interaction is a fourth order
(ν = 4) interaction, including charge dependence, which reproduces scattering data
below 290 MeV lab energy with accuracy comparable to the one of phenomenological
high-precision potentials [9].
Alternatively, internucleon interactions can be derived by fitting an interaction to
experimental nucleon-nucleon scattering data and energies of a few bound states of
light nuclei. An example of an interaction derived using this approach is the JISP16
2
internucleon interaction [10] which we will use in this work. The derivation of the
JISP16 interaction is based on the J-matrix inverse scattering method and the NCCI
approach [11]. The interaction is derived with two goals in mind. Namely, to mini-
mize the need for three-body (NNN) interactions (which we often need to condider
in order to reproduce experimental data in the expense of adding computational
complexity) and to achieve faster convergence in small model spaces. The starting
point is the charge independent JISP6 [12] interaction which provides an excellent
description of the properties of the deuteron as well as NN scattering data. Using
phase equivalent transformations, the JISP6 scattering phase shifts are modified to
provide a good description of nuclei with A ≤ 16.
Once an internucleon interaction is selected, one can proceed to solve the nuclear
many-body problem using one of the many available ab initio methods. For example,
in the NCCI approach, which we study in this work, the nuclear Hamiltonian is cast
into an eigenvalue problem in terms of a many-body basis. The resulting Hamiltonian
is then diagonalized using the Lanczos algorithm, which yields the first few low-lying
eigenvalues and eigenvectors of the Hamiltonian [13].
In the coupled-cluster approach, a set of filled single-particle orbitals defines a
reference state, and the many-body problem is expanded in terms of particle-hole
excitations among these orbitals [14–18]. In both the coupled-cluster and the NCCI
approaches the goal is to obtain converged results which do not depend on the model
space or the single-particle basis length parameter (which is ususally the characteristic
length of the oscillator functions discussed below).
In the Green’s function Monte Carlo approach, the Green’s function for a Hamil-
tonian without a potential term is used to cast the problem of finding the many-body
wave function into an integral equation which is then solved iteratively. The goal is
to then obtain the wave function in a small number of iterations [19–21].
Using Jacobi coordinates along with a set of hyperspherical harmonic functions [22],
3
one can solve the problem directly using antisymmetrized many-body basis states [23,
24]. However, Jacobi coordinates are limited to nuclei with mass number A . 6 be-
cause the antisymmetrization of the many-body states becomes cumbersome as the
mass number increases.
Let us now focus on the NCCI approach. To work with the NCCI approach we
must first choose a single-particle basis and subsequently construct a many-body basis
using an appropriate truncation for the many-body basis. In this work we use the
Nmax truncation scheme for reasons related to the removal of spurious center-of-mass
states as described in Chapter 2. According to the Nmax truncation scheme, only
many-body states having a total number of oscillator quanta N =
∑A
i=1Ni ≤ N0 +
Nmax, where N0 is the total number of quanta in the configuration where the nucleons
occupy the lowest allowed single-particle states, and Ni is the oscillator quantum of
a single-particle state are allowed in the many-body basis (here, it is implied that
the harmonic oscillator single-particle basis is used). The nuclear Hamiltonian is
then cast into a square matrix the diagonalization of which yields the energies and
the many-body wave functions of the nucleus. The calculated results depend on
both the Nmax truncation of the many-body basis and the characteristic length of
the underlying single-particle basis. In the case of the harmonic oscillator basis, the
characteristic length is the familiar oscillator length b ≡ (~c)/√(mNc2)(~ω), where
mNc
2 = 938.92 MeV is the mass of the nucleon, taken as the average between the
mass of the proton and the mass of the neutron, and ~ω is the oscillator parameter.
Hence, when the harmonic oscillator single-particle basis is used the calculated results
depend on Nmax and ~ω.
Convergence of a calculated observable is signaled by an independence of the
calculated result from both the Nmax truncation of the many-body basis and the
oscillator parameter ~ω. Due to the variational principle, the ground state eigenvalue
approaches the “true” eigenvalue, of the untruncated many-body problem, as Nmax
4
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Figure 1.1. The dimension of the NCCI many-body basis as a function of
the Nmax truncation of the basis for selected nuclei. The dimensions shown
are for spaces with zero angular momentum projection (M = 0) and
natural parity (see Chapter 2).
increases, i.e., as the truncated space approaches the full space. For each Nmax
truncation, calculations are performed for various ~ω parameters to check for the
convergence of the eigenvalue in terms of ~ω. The ground state eigenvalue has a
minimum at one of these ~ω values (which typically shifts for each Nmax truncation)
called the variational minimum of the calculation.
The convergence problem arises from the fact that the traditionally used harmonic
oscillator basis (which as explained in this thesis is not the best suited for NCCI
calculations) does not lead to fast convergence in terms of the Nmax truncation. The
size of the many-body basis grows rapidly with Nmax and the mass number of the
nucleus under study. Therefore, reaching convergence at low Nmax truncations is
highly desirable. In practice, calculations are limited by computational power to
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matrices with dimension ∼ 1010. In Figure 1.1, the dimension of the NCCI many-
body basis as a function of the Nmax truncation is plotted for selected nuclei with
mass number A ≤ 24 and for spaces with zero angular momentum projection (M = 0)
and positive parity (for a detailed description of the many-body basis see Chapter 2).
Without going into details, the results of an example NCCI calculation for the
ground state energy and proton radius in the 0+ ground state of 6He are shown
in Fig. 1.2, to illustrate the convergence properties of an NCCI calculation. The
calculations were performed using the JISP16 NN interaction, Nmax truncations up
to 16 (in steps of 2 as shown next to each curve), and ~ω parameters in the range
10-40 MeV (as shown in the horizontal axis).
As we mentioned above, full convergence of a calculated observable is signalled by
an independence of the calculated results from both Nmax and ~ω. Here, in Fig. 1.2(a)
the calculated energy is approaching convergence around the variational minimum of
the Nmax = 16 curve. However, the calculated curves still depend on both ~ω and
Nmax (i.e., full convergence is not reached).
In order for the NCCI approach to acquire predictive power, the calculated results
must converge. Ideally we want to achieve full convergence. However, even incom-
pletely converged results may be extrapolated to the full Nmax → ∞ space using
basis extrapolation methods [25–34].
Here, we demonstrate a simple exponential extrapolation scheme which accounts
for the incomplete convergence of the calculated energies. Results obtained at the
three highest Nmax truncations (here Nmax = 12, 14, 16) and the same ~ω are ex-
trapolated to the full Nmax → ∞ space using the prescription E(Nmax) = E∞ +
Ae−bNmax [26]. (The parameters E∞, A, and b are fitted to the truncated results thus
an estimate for the ground state energy E → E∞ as Nmax → ∞ is obtained). The
extrapolated results are shown with dotted lines in Fig. 1.2. They still depend on ~ω,
however the dependence is not as strong as the dependence of the calculated results
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Figure 1.2. The calculated ground state energy (a) and proton radius in the
0+ ground state (b) of 6He, obtained in an NCCI calculation using the
harmonic oscillator basis, the Coulomb interaction between protons, and
the JISP16 NN interaction. The Nmax truncation of the many-body basis
is shown next to each successive curve. The dotted lines connect
extrapolated results obtained using a three-point exponential extrapolation
of the calculated ground state energy results (as described in the text).
(on ~ω) at Nmax = 16 for example. Despite the approximate ~ω independence of
the extrapolated results, only a rough estimate of the converged result can be made
based on the extrapolated results shown in Fig. 1.2. Obtaining reliable predictions
using extrapolation methods is a matter of ongoing research. In Chapter 2, we will
discuss the infrared extrapolation method which attempts to extrapolate NCCI cal-
culations by putting Nmax and ~ω on an equal footing. Specifically, the approach is
based on the premise that the truncated many-body basis actively imposes a cutoff
on the ability of the basis to describe the many-body wave function.
The dependence of the calculated results on ~ω and Nmax is more severe for the
calculated proton radius [Fig. 1.2(b)]. Convergence for this observable in terms of
7
Nmax is so slow that no reliable quantitative estimate for the proton radius can be
made based on Fig. 1.2(b).
Incomplete convergence might result from a poor description of the many-body
wave function. The many-body wave function is expected to fall off exponentially
(∼ e−br) at large distances. However, the harmonic oscillator basis used to describe
the many-body wave function falls off as a Gaussian (∼ e−br2). In Ref. [35], the
Laguerre basis, which carries the correct exponential asymptotics, was introduced
for the NCCI approach to overcome the slow convergence of observables in terms of
Nmax. However, it was found that the convergence of calculated energies and radii in
the Laguerre basis is also slow [35, 36].
In this work we introduce natural orbitals [37] in our attempt to overcome the slow
convergence of observables. Natural orbitals are custom tailored orbitals adapted to
the specific many-body problem (i.e., nucleus). They are obtained by diagonalizing a
one-body density matrix deduced from an initial many-body calculation in a reference
single-particle basis (in this work the initial calculations are performed using the
harmonic oscillator single-particle basis). We will demonstrate that using natural
orbitals reduces the need for high-lying single-particle orbitals (see Chapters 3, 4, 5),
hence leading to faster convergence of observables in truncated spaces.
We begin with an overview of the no-core configuration interaction approach
(Chapter 2). Natural orbitals for NCCI calculations are then derived and used in
example calculations for 3,4He (Chapter 3). We then use natural orbitals to study
the ground state properties of the halo nuclei 6,8He (Chapter 4) and the mirror nuclei
7Li and 7Be (Chapter 5). Finally, we offer some suggestions for further development
of natural orbitals in future applications (Chapter 6).
8
CHAPTER 2
INTRODUCTION TO THE NO-CORE CONFIGURATION INTERACTION
APPROACH
2.1 Overview
In this chapter a broad overview of quantum many-body theory is presented
focusing on the tools necessary to work with the no-core configuration interaction
(NCCI) approach. The NCCI approach utilizes second quantization to cast the nu-
clear Hamiltonian into a square matrix in terms of a many-body basis. Here we
describe all the steps needed to build and diagonalize the Hamiltonian matrix in
some detail. Moreover, example calculations are presented and extrapolated using
the infrared extrapolation method.
The general nuclear Hamiltonian for a system of A nucleons interacting via two
and/or three-body interactions V (ri, rj) and V (ri, rj, rk) respectively is given by
H =
1
2mN
A∑
i=1
p2i +
A∑
i<j
V (ri, rj) +
A∑
i<j<k
VNNN(ri, rj, rk). (2.1)
Although three nucleon interactions are needed to accurately reproduce experimental
data [38], two-body interactions provide a simpler context in which to focus on the
main goal of this thesis, which is to introduce an alternative single-particle basis
(other than the traditional harmonic oscillator basis) for NCCI calculations. Thus
for the purpose of this thesis, we omit three-body terms from the Hamiltonian (2.1).
Moreover, for reasons that have to do with the center-of-mass degree of freedom
(described in Sec. 2.6) in the NCCI approach we do not work with the Hamiltonian
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(2.1). Instead, we work with the translationally invariant intrinsic Hamiltonian [39,
40]
Hin = Trel + V =
A∑
i 6=j
(pi − pj)2
4AmN
+
A∑
i<j
VNN(ri, rj) +
Z∑
i<j
VC(ri, rj), (2.2)
where mNc
2 = 938.92 MeV is the average nucleon mass, VNN is the internucleon
interaction, and VC is the Coulomb interaction.
We start with a brief summary of second quantization (Sec. 2.2) which is then used
to derive the two-body matrix elements of the NCCI Hamiltonian (Sec. 2.3). Conse-
quently, we discuss the harmonic oscillator single-particle radial functions (Sec. 2.4)
and the nuclear many-body basis (Sec. 2.5). The complete factorization of the center-
of-mass and intrinsic portions of the many-body wave function (Sec. 2.6) and a de-
scription of the procedure followed to perform many-body calculations using the
NCCI approach (Sec. 2.7) follow. The one-body density matrix and its properties
are reviewed (Sec. 2.8). Example calculations for the nuclei 3He and 4He are pre-
sented, and the calculated results are extrapolated using the infrared extrapolation
method (Sec. 2.9). We conclude this chapter with an overview of the steps needed to
perform an NCCI calculation using a general single-particle basis (Sec. 2.10).
2.2 Second quantization
Second quantization is used to describe systems of many identical particles. In
what follows the notational conventions of Negele are used [41].
The Hilbert space of A distinguishable particles HA is spanned by the tensor
product of A distinguishable particles occupying single-particle states which belong
to the single-particle Hilbert space H
HA = H⊗H⊗ . . .⊗H. (2.3)
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If {|a〉} is an orthonormal basis forH, an orthonormal basis forHA can be constructed
as the set of tensor product states
|a1 . . . aA) ≡ |a1〉 ⊗ |a2〉 ⊗ . . .⊗ |aA〉, (2.4)
where the curved parenthesis on the left hand side of (2.4) denotes that the many-
body state is a simple product of single-particle states (i.e., no assumptions are made
about the symmetry of the many-body state).
The space of A indistinguishable fermions FA is spanned by fully antisymmetric
many-body states constructed using the many-body states of HA
|a1 . . . aA〉 = 1√
A!
∑
P
(−1)P |aP1〉 ⊗ |aP2〉 ⊗ . . .⊗ |aPA〉. (2.5)
The sum over P is a sum over all possible permutations (P1, P2, . . . , PA) of the set
(a1, a2, . . . , aA). Moreover, (−1)P is determined by counting the number of transposi-
tions of two elements which brings a permutation to its original form (a1, a2, . . . , aA).
The Fock space F for fermions is the (Hilbert) direct sum of the fermion spaces
F0, F1, F2, . . ., FA, . . . for zero, one, two, etc particles
F = F0 ⊕F1 ⊕F2 ⊕ . . .⊕FA ⊕ . . . . (2.6)
Here F0 is the space of no particles, F1 is identical to H, and FA with A ≥ 2 is the
space spanned by many-body states given by (2.5).
Creation and annihilation operators generate the entire Fock space F by adding
(removing) single-particle states to (from) many-body states. The fermionic creation
operator c†a adds a particle in a single-particle state |a〉 to the many-body state
|a1 . . . aA〉
c†a|a1a2 . . . aA〉 = |aa1a2 . . . aA〉, (2.7)
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where the definition implies that the particle is added to the left of the initial many-
body state. Now, because of the antisymmetry requirement for fermions we cannot
act with the c†a operator on the state |aa1a2 . . . aA〉 [and thus add the single-particle
state |a〉 twice]. This state is equal to zero by definition
c†a|aa1a2 . . . aA〉 = 0. (2.8)
Similarly an annihilation operator ca removes a particle occupying the single-particle
state |a〉 from a many-body state
ca|aa1 . . . aA〉 = |a1 . . . aA〉. (2.9)
For completeness, note that in general ca|a1a2 . . . a . . . aA〉 = (−1)P |a1a2 . . . aA〉 where
P is the number of transpositions of two elements needed to bring the particle
in the single-particle state |a〉 to the front of the many-body state. For example
ca2|a1a2a3〉 = −|a1a3〉. If ca acts on a state |a1 . . . aA〉, i.e., a state which has no
particle in the single-particle state |a〉, then the action of ca on the many-body state
|a1 . . . aA〉 yields zero
ca|a1 . . . aA〉 = 0. (2.10)
Following from (2.7)-(2.10), we conclude that the creation and annihilation operators
obey the fermionic anticommutation relation
{ca, c†b} = δab. (2.11)
One-body operators are operators which can be written as a sum of single-particle
operators acting on one particle at a time. To be able to calculate the matrix ele-
ments of one-body operators with respect to many body states like (2.5), it is useful
to express them in terms of creation and annihilation operators. To arrive at this ex-
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pression let us first use the many-body states of HA to calculate the matrix elements
of a one-body operator T =
∑A
i=1 ti. For the diagonal matrix elements (i.e., between
the same many-body states) we have
(a1a2 . . . aA|T |a1a2 . . . aA) =
〈a1|t1|a1〉〈a2|a2〉 . . . 〈aA|aA〉+ . . .+ 〈a1|a1〉 . . . 〈aA−1|aA−1〉〈aA|tA|aA〉 =
〈a1|t1|a1〉+ . . .+ 〈aA|tA|aA〉, (2.12)
where we used the fact that the single-particle states are orthonormal hence 〈ai|aj〉 =
δaiaj . Let us now evaluate the non-diagonal matrix elements of T starting with the
matrix elements between the many-body states |a1a2 . . . aA) and |a1a′2 . . . aA), where
|a2〉 6= |a′2〉. We have
(a1a2 . . . aA|T |a1a′2 . . . aA) =
〈a1|t1|a1〉〈a2|a′2〉 . . . 〈aA|aA〉+ 〈a1|a1〉〈a2|t2|a′2〉〈a3|a3〉 . . . 〈aA|aA〉+
+ . . .+ 〈a1|a1〉 . . . 〈aA−1|aA−1〉〈aA|tA|aA〉 = 〈a2|t2|a′2〉, (2.13)
since 〈a2|a′2〉 = 0. Finally, the matrix elements of T between the many-body states
|a1a2 . . . aA) and |a′1a′2 . . . aA), where |a1〉 6= |a′1〉 and |a2〉 6= |a′2〉, are
(a1a2 . . . aA|T |a′1a′2 . . . aA) =
〈a1|t1|a′1〉〈a2|a′2〉 . . . 〈aA|aA〉+ . . .+ 〈a1|a′1〉 . . . 〈aA|tA|aA〉 = 0. (2.14)
Thus, the matrix elements of the one-body operator T with respect to many-body
states of HA are fully defined by the sum over single-particle matrix elements of H.
If we now define the single-particle vacuum state |−〉 (i.e., a non-occupied single-
particle state), then c†a|−〉 = |a〉. Using this definition and (2.12)-(2.14) we can write
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a one-body operator as
T =
∑
ab
tabc
†
acb, (2.15)
where tab = 〈a|t|b〉.
Similarly, the matrix elements of a two-body operator V = 1
2
∑
i 6=j uij with respect
to the many-body states of HA are fully defined by the matrix elements uabcd =
(ab|u|cd) calculated using the states of H2. Thus we can write V as
V =
1
2
∑
abcd
uabcdc
†
ac
†
bcdcc. (2.16)
However, it is more convenient to write the two-body operator as
V =
1
4
∑
abcd
u¯abcdc
†
ac
†
bcdcc, (2.17)
where u¯abcd = uabcd−uabdc = 〈ab|u|cd〉 are normalized and antisymmetrized two-body
matrix elements.
2.3 Two-body matrix elements for the NCCI Hamiltonian
In the context of the NCCI approach, the most commonly used single-particle
states are the harmonic oscillator single-particle states (see Sec. 2.4). The harmonic
oscillator states are labeled by the quantum numbers |α〉 ≡ |nalajama〉, where na
is the harmonic oscillator radial quantum number, la is the angular momentum, ja
is the total angular momentum, and ma is the z projection of the total angular
momentum. Using the harmonic oscillator single-particle states we can construct
fully antisymmetric many-body basis states for the NCCI approach
|(nalajama)(nblbjbmb) . . . (nAlAjAmA)〉. (2.18)
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Many-body states such as (2.18) have a total z projection of total angular momentum
M =
∑A
i=1mi and a total number of oscillator quanta Ntot =
∑A
i=1(2ni + li) =∑A
i=1Ni. The harmonic oscillator single-particle states |α〉 are given as the tensor
product
|α〉 =
[
|RnalaYla〉 × |
1
2
〉
]
jama
, (2.19)
where Rnala is a harmonic oscillator radial function, Yla is a spherical harmonic, and
|1
2
〉 is a spinor. The subscripts ja and ma indicate that |RnalaYla〉 (a spherical tensor
of rank la) and the spinor |12〉 are coupled to total angular momentum ja and z
projection of total angular momentum ma [42].
The Hilbert space of the NCCI Hamiltonian is spanned by the many-body states
(2.18) which provide a basis for the representation of the Hamiltonian as a square
matrix. To cast the Hamiltonian into a square matrix we must first calculate the two-
body matrix elements of the relative kinetic energy and two-body NN interaction
operators. The two-body matrix elements are calculated with respect to two-particle
states, coupled to total angular momentum J . For distinguishable particles (e.g., one
proton and one neutron states), angular momentum coupled two-particle states are
defined as
|ab; J) =
∑
mamb
〈jamajbmb|JM〉|ama〉|bmb〉, (2.20)
where |ama〉 = |nalajama〉, 〈jamajbmb|JM〉 is a Clebsch-Gordan coefficient, and the
parenthesis implies that the two-particle state is not antisymmetrized. For two iden-
tical fermions we can obtain fully antisymmetrized states using the states |ab; J). We
have
|ab; JM〉AS = 1√
2
[|ab; JM)− (−1)J−ja−jb|ba; JM〉] . (2.21)
These states have the symmetry property |ab; JM〉 = −(−1)J−ja−jb|ba; JM〉 which
implies that if the states |a〉 and |b〉 are identical, only two-body states with even
J are allowed. The states (2.21) are antisymmetrized but not strictly normalized.
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An extra factor of 1/
√
2 is required for normalization in the special case when the
two particles occupy the same single-particle orbital |nalaja〉. Hence, the appropriate
two-particle states are
|ab; JM〉NAS = (1 + δab)−1/2|ab; JM〉AS. (2.22)
Both the normalized antisymmetrized states and the antisymmetrized states are used
to calculate the two-body matrix elements 〈cd; J |Hin|ab; J〉 of the (scalar) intrinsic
Hamiltonian (2.2). The change of basis relation between two-body matrix elements
calculated with respect to the states (2.21) and two-body matrix elements calculated
with respect to the states (2.22) is
〈cd; J |H|ab; J〉NAS = (1 + δcd)−1/2(1 + δab)−1/2〈cd; J |H|ab; J〉AS. (2.23)
A detailed discussion about the calculation of the two-body matrix elements of the
intrinsic Hamiltonian (2.2) is given in Ref. [35]. A brief overview is also given in
Sec. 2.10.
2.4 The harmonic oscillator single-particle states
In this section we will review the basic properties of the harmonic oscillator single-
particle states |α〉 [5, 43, 44] which are traditionally used in the NCCI approach be-
cause their properties facilitate the many-body calculations. The harmonic oscillator
single-particle states are also our starting basis for the construction of natural orbitals
which are introduced in Chapter 3.
The first important property of the harmonic oscillator single-particle states (rel-
evant to the NCCI approach) is that they allow for the complete removal of spurious
center-of-mass states from the low-lying spectrum of the NCCI Hamiltonian provided
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that an Nmax truncation is imposed on the many-body basis. The appearance of spu-
rious center-of-mass states is related to the use of the many-body basis states (2.18)
for the representation of the NCCI Hamiltonian as a square matrix. A detailed expla-
nation for the appearance of spurious center-of-mass states in an NCCI calculation
and the procedure followed for their removal from the low-lying spectrum is given in
Sec. 2.5.
The second important property of the harmonic oscillator single-particle states
(relevant to many-body calculations in general and in particular the NCCI approach)
is that they simplify the calculation of two-body matrix elements for operators written
in terms of relative coordinates, using the Moshinsky transformation [43]. According
to the transformation, products of harmonic oscillator states expressed in single-
particle coordinates Rn1l1(r1)Rn2l2(r2) transform into products of harmonic oscillator
states expressed in terms of relative and center-of mass coordinates Rnl(rrel)RNL(R),
where 2n1+l1+2n2+l2 = 2n+l+2N+L, rrel =
1√
2
(r1−r2), and R = 1√2(r1+r2). (The
factor of 1/
√
2 in front of the center-of-mass vector is used instead of the traditional
1/2 for normalization reasons). The calculation of two-body matrix elements for
operators of the form V (r1 − r2) with respect to two-particle states of the form
Rn1l1(r1)Rn2l2(r2) is then reduced to the calculation of the single-particle matrix
element of the operator V (rrel) with respect to single-particle states of the form
Rnl(rrel) and an overlap between single-particle states of the form RNL(R).
Let us now review the harmonic oscillator radial wave functions. If we write
the single-particle wave function as Ψnlm(r) = r
−1Rnl(b; r)Ylm(θ, φ), where Rnl(b; r)
are radial wave functions and Ylm(θ, φ) are spherical harmonics, then Ψnlm(r) are
solutions to the familiar harmonic oscillator central force problem [5]
h(ω) =
p2
2mN
+
mNω
2r2
2
, (2.24)
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where mNc
2 ≈ 938.92 MeV is the average nucleon mass and ω is the oscillator fre-
quency. The length scale of the radial functions Rnl(b; r) is set by the oscillator
length b which depends on the parameters of the oscillator Hamiltonian (2.24) as
b =
√
~/(mNω). The eigenvalues corresponding to each single-particle radial wave
function are given by (N + 3/2)~ω, where N = 2n+ l is the oscillator quantum (no-
tice that the eigenvalues are evenly spaced by one unit of ~ω). The radial functions
Rnl(b; r) are given by
Rnl(b; r) = bNnl(r/b)
l+1Ll+1/2n [(r/b)
2]e−(r/b)
2/2, (2.25)
where L
l+1/2
n [(r/b)2] are generalized Laguerre polynomials, n is the radial quantum
number (which gives the number of nodes in the radial function), l is the angular
momentum, and Nnl is a normalization factor given by
Nnl =
1
b3/2
[
2n!
(l + n+ 1/2)!
]1/2
. (2.26)
For each l, the harmonic oscillator radial functions form a complete discrete basis for
square integrable functions on R+
∫ ∞
0
Rnl(b; r)Rn′l(b; r) = δnn′ . (2.27)
2.5 Symmetries of the NCCI Hamiltonian and the nuclear many-body
basis
The selection of the nuclear many-body basis used in NCCI calculations is based
on the symmetries of the NCCI Hamiltonian (2.2). The NCCI Hamiltonian is ro-
tationally invariant therefore it conserves the total angular momentum J and the z
projection of total angular momentum M . Moreover, the Hamiltonian conserves par-
ity. To diagonalize the Hamiltonian we can choose to use many-body states that have
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good J (a J-scheme basis) or many-body states that have good M (an M -scheme
basis) [45]. Although the M -scheme basis involves a larger number of many-body
basis states compared to a J-scheme basis, constructing M -scheme many-body basis
states is straightforward (i.e., we do not have to deal with angular momentum cou-
pling as in the J-scheme basis). Therefore, for the NCCI calculations discussed here,
an M -scheme basis is considered. However, the eigenstates of H still have good J
which is recovered after diagonalization by calculating the expectation value of the
J2 operator with respect to the calculated many-body wave function.
To build many-body basis states we start from single-particle states |nljm〉 and
construct fully antisymmetric states (with good M) given by (2.18). Calculations can
be performed for any possible value of M (which is supported by the single-particle
states in the many-body basis). For example, for even nuclei M = 0, 1, . . . and for odd
nuclei M = 1/2, 3/2, . . . (we do not consider negative values for M here). However,
we usually use many-body states with M = 0 for even nuclei and M = 1/2 for odd
nuclei. This is because for a given M we can only obtain many-body wave functions
with J ≥ |M |. Thus, choosing the lowest possible M allows us to study the ground
and first few excited states of a nucleus.
Commonly, for reasons involving the center-of-mass degree of freedom, as dis-
cussed in Sec. 2.6, the many-body basis is truncated using the Nmax truncation
scheme [46]. The scheme dictates that only many-body states with Ntot ≤ N0 +Nmax
are permitted in the many-body basis, where N0 is the number of quanta in the con-
figuration where all the nucleons occupy the lowest permitted oscillator shells. For
example, N0 = 2 for
6He (in this configuration, the two protons occupy the N = 0
proton shell, two neutrons occupy the N = 0 neutron shell, and the last two neutrons
occupy the N = 1 shell) and N0 = 3 for
7Li (the extra proton, compared to 6He, goes
into the N = 1 proton shell).
Finally, because the nuclear Hamiltonian conserves parity we want our many-
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body basis to have good parity. Recall that the parity of a harmonic oscillator
single-particle state is given by (−1)l, or, equivalently, (−1)N since N = 2n + l.
A many-body basis truncated at a given Nmax contains (many-body) states with
Ntot ≤ N0 + Nmax, where Ntot =
∑
iNi = N1 + . . . + NA, and Ni is the oscillator
quantum of a nucleon i in its single-particle state. Hence, many-body basis states
which belong to this (many-body) basis have parity which is obtained as the product
(−1)N1 . . . (−1)NA = (−1)Ntot . The parity of the many-body states of the lowest
allowed configuration is (−1)N0 , which we call the natural parity of the nucleus.
Thus, to obtain the natural parity eigenstates of the nucleus we must build many-
body bases with even Nmax truncations, i.e., Nmax = 0, 2, 4, . . .. On the other hand, to
obtain the unnatural parity eigenstates of the nucleus we must construct many-body
bases with odd Nmax truncations, i.e., Nmax = 1, 3, 5, . . ..
2.6 Spurious center-of-mass states removal
In this section we describe how spurious center-of-mass states result from the
diagonalization of the NCCI Hamiltonian matrix built in terms of the set of the
many-body basis states (2.18). Subsequently, we describe how these spurious states
can be removed provided that the Nmax truncation scheme is used.
The many-body basis states (2.18) are defined with respect to a fixed point in
space. However, physically there is no such point around which all the nucleons are
orbiting. Rather we are interested in the internal motion of the nucleons relative to
each other within the nucleus, a motion which defines the intrinsic structure of the
nucleus.
In principle we can convert to relative coordinates. However, antisymmetrization
in Jacobi coordinates (which define the relative motion) is cumbersome. Therefore,
we are compelled to work in the full coordinate space which includes both the center
of mass and relative degrees of freedom.
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Our goal is to describe the relative motion as accurately as possible without unnec-
essary complications arising from the center of mass motion. In order to accomplish
this it helps making certain choices regarding the basis and the Hamiltonian.
We want our eigenfunctions to factorize into center of mass and relative factors.
We also want the center of mass factor to be simple and well understood so that it does
not interfere with the calculation of energies and observables. In principle, the full
Hamiltonian (2.1) is already separated into center of mass and relative coordinates. If
we define the center-of-mass momentum as P =
∑
i pi, the one-body kinetic energy
operator in (2.1) can be decomposed into a center-of-mass and a relative kinetic
energy contributions [39]
T = Tc.m. + Trel =
(
A∑
i=1
pi
)2
2AmN
+
A∑
i 6=j
(pi − pj)2
4AmN
. (2.28)
Therefore, the full Hamiltonian (2.1) also separates into center-of-mass and relative
parts
H = Tc.m. + (Trel + V ). (2.29)
Thus, in the full space our eigenfunctions would factorize into a center-of-mass and
a relative wave function.
However, we are confined to work in a truncated space. Factorization can still
be exact in an oscillator basis when the Nmax truncation is used. The truncated
space then only contains a limited center-of-mass space spanned by center-of-mass
harmonic oscillator states with Nc.m. = 0, 2, . . . , Nmax. We could attempt to diag-
onalize the Hamiltonian (2.29) in the truncated space. However, the Tc.m. operator
will mix contributions with different center-of-mass excitations Nc.m. and destroy fac-
torization of the eigenfunctions. The Hamiltonian will force us towards states which
attempt to diagonalize the center-of-mass kinetic energy operator Tc.m.. Therefore,
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our NCCI calculations would end up approximating spherical waves in the center of
mass coordinates, at the expense of accurately describing the intrinsic motion.
Thus, instead, we choose to work with the intrinsic Hamiltonian
H = Trel + V. (2.30)
The resulting Hamiltonian is block diagonal with respect to the number of quanta
Nc.m. for the center-of-mass motion. The resulting eigenfunctions will factorize into
a center-of-mass factor of good Nc.m. and an intrinsic factor. The total number of
quanta in a many-body state is shared between the center-of-mass motion and the
intrinsic motion:
Ntot =
∑
i
Ni = Nc.m. +Nrel. (2.31)
Therefore, in eigenfunctions with Nc.m. = 0, the full Nmax quanta are available to use
in describing the intrinsic motion. The higher Nc.m. eigenfunctions produce spurious
copies of the spectrum in which the intrinsic motion is described using fewer quanta
Nrel ≤ Nmax −Nc.m..
It is convenient to push the spurious excited center-of-mass states out of the low
lying spectrum. We do this by adding a term diagonal in the number of center-
of-mass quanta. That is we add a “Lawson term” [47] proportional to the Nc.m.
operator. This is often equivalently described as adding a center-of-mass harmonic
oscillator Hamiltonian. In terms of the center-of-mass coordinate R = (
∑
i ri)/A and
momentum P =
∑
i pi,
Hc.m. =
P 2
2AmN
+
1
2
AmNω
2R2. (2.32)
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Then, Hc.m. = (Nc.m. + 3/2)~ω. Thus we actually diagonalize the Hamiltonian
H = Trel + V + αNc.m., (2.33)
where α is the Lawson term strength (typically a few MeV). This leads to the same
eigenstates as the relative Hamiltonian but with the spurious states lifted out of the
low-lying spectrum by an amount αNc.m..
2.7 Many-body calculations
In this section we will briefly describe the general procedure followed to obtain
results using the NCCI approach.
The basic ingredient needed to build the Hamiltonian matrix is the matrix ele-
ments of the NCCI Hamiltonian (2.33) with respect to the many-body basis states
(2.18). Thus, we need to evaluate matrix elements of the form
〈Φn|H|Φm〉, (2.34)
where |Φn〉 = |(n1l1j1m1) . . . (nAlAjAmA)〉 is a many-body basis state. [The ma-
trix elements (2.34) reduce to a sum over two-body matrix elements of the form
〈cd; J |H|ab; J〉 using Wick’s theorem]. After calculating the matrix elements (2.34)
for all the many-body states in our basis we obtain the Hamiltonian matrix

〈Φ1|H|Φ1〉 〈Φ1|H|Φ2〉 . . . 〈Φ1|H|Φm〉
〈Φ2|H|Φ1〉 〈Φ2|H|Φ2〉 . . . 〈Φ2|H|Φm〉
...
...
. . .
...
〈Φd|H|Φ1〉 〈Φd|H|Φ2〉 . . . 〈Φd|H|Φd〉

(2.35)
The dimension d of the matrix (2.35) is equal to the number of many-body basis
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states for a given nucleus and Nmax truncation (see Fig. 1.1). Diagonalization of
(2.35) yields the nuclear many-body wave function
|Ψ〉 =
d∑
n=1
cn|Φn〉. (2.36)
The diagonalization of the Hamiltonian matrix is commonly performed using the
Lanczos algorithm [48, 49]. The algorithm transforms the generally large sparse ma-
trix (2.36) into a tridiagonal matrix (of lower dimension than the original matrix).
The tridiagonal matrix is then diagonalized (using an appropriate algorithm) and
the eigenvalues and eigenvectors (of the tridiagonal matrix) are obtained. The eigen-
vectors of the tridiagonal matrix (Lanczos vectors) must then be converted from the
Lanczos vector space to the original many-body basis. The process established by
Lanczos proceeds as follows: If H is a Hamiltonian matrix of order n (i.e., the matrix
dimension is n × n), then we start with a random initial vector b0 which is used to
construct m vectors (orthogonal to each other) according to the algorithm
b0 = random,
b1 = (H − α0)b0,
b2 = (H − α1)b1 − β0b0,
b3 = (H − α2)b2 − β1b1,
...
bm = (H − αm−1)bm−1 − βm−2bm−2 = 0, (2.37)
where m ≤ n. The equality to zero in the last step means the end of the process. The
coefficients αm−1 and βm−2 are determined by requiring that the norm of the vector
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‖ bm ‖ is minimized. The coefficients are then used to build the tridiagonal matrix
T =

α0 β0 0
β0 α1 β1
. . . . . . . . .
βk−2 αk−1 βk−1
0 βk−1 αk

(2.38)
The eigenvalues of T converge to the eigenvalues of H provided that a sufficient
number of iterations k, where k < n, is performed.
The generally large sizes of the NCCI Hamiltonian matrices require the use of
parallel computing which handles both the storage and the diagonalization of the
Hamiltonian matrix. For the calculations presented in this thesis, we use the parallel
code Many Fermion Dynamics-Nuclear (MFDn) [4, 50] developed by the Iowa State
University group handles the construction of the many-body basis, the construction
of the Hamiltonian matrix, the storage of the matrix over multiple cores, and the
Lanczos diagonalization of the matrix. The input to the code includes the two-body
matrix elements of the Hamiltonian, the Nmax truncation of the many-body basis, the
number of protons (Z) and neutrons (N) of the nucleus we want to study, the number
of Lanczos iterations we want to perform, and various other control parameters. The
program outputs the eigenvalues (which are the nuclear level energies), the one-body
density matrices (described in Sec. 2.8), and other observables.
2.8 The one-body density matrix
The one-body density matrix can be calculated using the many-body wave func-
tions obtained in a many-body calculation. It is more frequently used for the calcula-
tion of the matrix elements of one-body operators [5]. Moreover, the static one-body
density matrix contains information about correlations in the many-body wave func-
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tion as described below. In second quantization, the transition one-body density
matrix is given by
ρf iαβ = 〈Ψf |c†αcβ|Ψi〉, (2.39)
where |Ψi〉 and |Ψf〉 are the many-body wave functions of an initial and a final nuclear
state respectively. Using (2.39), the matrix elements of a one-body operator O are
obtained as
〈Ψf |O|Ψi〉 =
∑
αβ
〈α|O|β〉〈Ψf |c†αcβ|Ψi〉. (2.40)
The static one-body density matrix (i.e., the one-body density matrix obtained for
the same initial and final many-body wave functions) contains information about cor-
relations in the many-body wave function. By definition, an uncorrelated many-body
wave function can be written as a single Slater determinant, i.e., |Ψ〉 = |a1 . . . aA〉.
For an uncorrelated many-body wave function, it is easy to see that the diagonal
matrix elements ραα = 〈Ψ|c†αcα|Ψ〉 are equal to 1 (which reflects the fact that each
single-particle state is occupied by exactly one nucleon), while all the off diagonal
matrix elements ραβ are equal to 0. The sum of the diagonal matrix elements is
equal to the total number of nucleons A in the many-body wave function. In the case
of a correlated many-body wave function, such as the ones calculated in an NCCI
calculation, the one-body density matrix is not (in general) diagonal. The off diag-
onal matrix elements ραβ of the density matrix provide a measure of how correlated
the many-body wave function is, while the diagonal matrix elements ραα provide the
occupancies of each single-particle state |ai〉 in the many-body wave function. The
sum over the diagonal matrix elements is still equal to the total number of nucleons
in the many-body wave function
∑
α
〈Ψ|c†αcα|Ψ〉 = A. (2.41)
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It is important to stress here that a diagonal one-body density matrix does not nec-
essarily indicate that a many-body wave function is uncorrelated unless the diagonal
matrix elements ραα are exactly equal to 1. The one-body density matrix is the
starting point for the construction of natural orbitals in Chapter 3.
2.9 Example calculations and infrared extrapolations
In this section we perform NCCI calculations to obtain the ground state energy
and proton radius of the isotopes 3,4He. Our goal is to revisit the convergence prop-
erties of NCCI calculations using the harmonic oscillator basis and to extrapolate
the calculated results to the full Nmax → ∞ space using the infrared extrapolation
method which we present and discuss here.
In Fig. 2.1, we plot the calculated ground state energy (left) and proton radius
(right) of 3He (top) and 4He (bottom). Calculations were performed for even trun-
cations of the many-body basis up to Nmax = 16 (in steps of 2) which scan the ~ω
range 10-40 MeV. The solid lines correspond to the calculated results, the dashed
horizontal lines correspond to the experimental results, and the dotted lines connect
extrapolated results obtained using the infrared extrapolation method (discussed be-
low). The experimental binding energies are taken from [51, 52], while the proton
radii are deduced using the experimentally measured nuclear charge radii reported
in [53] and equation (6) in Ref. [54]. As we observe, the calculated ground state
energy and proton radius of 4He converge. On the other hand, the calculated ground
state energy of 3He approaches convergence (to the ∼ 0.01 MeV level), while the
proton radius does not converge.
Comparisons of NCCI calculations with experimental results are only meaningful
when full convergence is achieved. However, when the calculated results do not
converge we can attempt to extrapolate results obtained in truncated spaces to the
full Nmax → ∞ space. One such example was presented in Chapter 1, where we
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Figure 2.1. Calculated ground state energy (left) and proton radius in the
ground state (right) of 3He (top) and 4He (bottom), obtained using the
harmonic oscillator basis, the JISP16 NN interaction, the Coulomb
interaction between protons, truncations of the many-body basis up to
Nmax = 16, and ~ω parameters in the range 10-40 MeV. The dashed
horizontal lines show the experimental results. The crosses connected by
dotted lines are obtained by extrapolating calculated results using the
infrared extrapolation method as described in the text.
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used an empirical extrapolation method to extrapolate the calculated ground state
energy of 6He to the full space. Here, we use the infrared extrapolation method to
extrapolate the calculated ground state energy and proton radius of 3,4He to the full
space. Extrapolating the converged 4He results serves as a test of the infrared method
as we expect the extrapolated results to match the converged results.
The infrared extrapolation method [28–31, 33, 34] starts with the assumption
that the truncated many-body basis induces both a short-range ultraviolet (UV) and
a long-range infrared (IR) cutoff on the ability of the many-body basis to describe
the many-body wave function. Quantitatively, if the highest occupied single-particle
orbital in the many-body basis has N oscillator quanta, then to a first approximation
the momentum space (UV) cutoff is [28, 29]
ΛUV =
√
2(N + 3/2) ~/b, (2.42)
and the coordinate space (IR) cutoff is
L =
√
2(N + 3/2) b, (2.43)
where b is the oscillator length. Assuming that ultraviolet convergence of the cal-
culated results is reached (this typically happens when the ultraviolet cutoff of the
internucleon interaction λ is smaller than the ultraviolet cutoff ΛUV of the basis), the
bound state energies will converge exponentially with respect to L
E(Nmax, ~ω) = E∞ + a0e−2k∞L(Nmax,~ω), (2.44)
and the radii will converge as
r2(L) = r2∞[1− (c0 + c1β−2)β3e−β], (2.45)
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where E∞, a0, k∞, c0, c1, and r2∞ are obtained by fitting (UV converged) calculated
results and β = 2k∞L [k∞ is taken from the energy fit in (2.44)]. The infrared cutoff
was later studied in more detail and a more precise expression for L was obtained by
finding the lowest eigenvalue of the operator p2 in a finite oscillator basis [30]
L(N, ~ω) =
√
2(N + ∆N + 3/2) b(~ω), (2.46)
where ∆N = 2 is an offset determined from the diagonalization of p2.
The exponential convergence of the bound-state energies with respect to L can be
understood as follows [29]. The finite extent L of the oscillator basis in position space
effectively imposes a Dirichlet boundary condition on the bound state wave function
at r = L. The exponential convergence with respect to L is thus directly related to
the exponential fall-off of the bound-state wave functions in position space.
Let us now use the infrared extrapolation method with our calculated results.
Here, we perform a three point extrapolation using calculated results obtained at
Nmax = 12, 14, and 16 sharing the same ~ω parameter. We use results obtained
using ~ω parameters ~ω & 14 MeV which have large ΛUV somewhat comparable to
the ultraviolet cutoff ΛJISP16UV of the JISP16 interaction [10]. Specifically, the JISP16
interaction is obtained by fitting scattering data in a harmonic oscillator space with
N = 8 and ~ω = 40 MeV, which means that according to (2.42) ΛJISP16UV ≈ 800
MeV/c. For the NCCI calculation with Nmax = 12 and ~ω ≈ 14 MeV equation (2.42)
yields ΛUV ≈ 600 MeV/c which is perhaps too low compared to the UV cutoff of
JISP16 however, the extrapolated result will dictate whether our choice was sensible
or not.
In Fig. 2.1, we show the extrapolated results for the ground state energy [panel
(c)] and proton radius [panel (d)] of 4He. As expected, the extrapolated results
converge for both observables. A closer inspection reveals that a slight ~ω dependence
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persists which is however very small (at the 0.01 MeV level and 0.01 fm level for the
extrapolated energy and proton radius respectively). For low ~ω parameters, the
extrapolated energy does not converge something that we expect since the calculated
results used for the extrapolation are not fully UV converged. On the other hand,
for high ~ω the extrapolated results converge since the calculated results used for the
extrapolation are UV converged. The extrapolated ground state energy at ~ω ≈ 20
MeV (−28.3 MeV) agrees with the calculated result at the variational minimum of
the Nmax = 16 curve (−28.3 MeV) and the experimental result (−28.3 MeV). On the
other hand, the extrapolated proton radius at ~ω ≈ 20 MeV (1.44 fm) agrees with
the calculated result at Nmax = 16 (1.44 fm); however, it is about ∼ 0.02 fm short
of the experimental result [rp = 1.462(6) fm]. Thus, the NCCI calculation using the
JISP16 interaction correctly predicts the binding energy of 4He, while the prediction
for the proton radius is about ∼ 1.5 % short of the experimental result.
In Fig. 2.1, we also show the extrapolated results for the ground state energy
[panel (a)] and proton radius [panel (b)] of 3He. We observe that the calculated
ground state energy converges (to the 0.01 MeV level). The extrapolated ground
state energy at ~ω ≈ 20 MeV (−7.67 MeV) is about ∼ 0.05 MeV short of the
experimental result (−7.72 MeV). The extrapolated proton radius staggers around
the experimental result [rp = 1.774(6) fm] at the 0.1 fm level. However, since full
convergence (of the extrapolated results) is not achieved we cannot assess whether
the calculation correctly predicts the proton radius.
2.10 Using a general single-particle basis in NCCI calculations
In this section we review the procedure followed to derive the two-body matrix
elements of the NCCI Hamiltonian in a general single-particle basis. The discus-
sion follows closely the derivations discussed in Ref. [35] where the two-body matrix
elements of the NCCI Hamiltonian (2.33) with respect to the Laguerre basis were
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derived.
To build the Hamiltonian matrix using a general single-particle basis we need to
calculate the two-body matrix elements of the interaction and relative kinetic energy
operators in the general basis. In the case where the two-body matrix elements of
the interaction with respect to some single-particle basis are known, we can use a
two-body transformation to obtain the two-body matrix elements with respect to
the general basis. For example, the JISP16 interaction is expressed in terms of
the harmonic oscillator basis. Therefore, we can use a two-body transformation
to obtain the two-body matrix elements in the general basis. Specifically, if a =
(nalaja) is a harmonic oscillator single-particle orbital and a
′ = (na′la′ja′) is a general
single-particle orbital then for antisymmetrized two-body states such as (2.21) the
transformation is given by [55]
〈c′d′; J |V |a′b′; J〉AS =
∑
abcd
〈a|a′〉〈b|b′〉〈c|c′〉〈d|d′〉〈cd; J |V |ab; J〉AS, (2.47)
where 〈a|a′〉 is an overlap bracket. For normalized antisymmetrized states such as
(2.22) the transformation is given by
〈c′d′; J |V |a′b′; J〉NAS = (1 + δa′b′)−1/2(1 + δc′d′)−1/2∑
abcd
(1 + δab)
1/2(1 + δcd)
1/2〈a|a′〉〈b|b′〉〈c|c′〉〈d|d′〉〈cd; J |V |ab; J〉NAS. (2.48)
The overlap bracket is given by
〈a|a′〉 = 〈Rnala|Rna′ la′ 〉δ(laja)(la′ja′ ), (2.49)
where
〈Rnala |Rna′ la〉 =
∫ ∞
0
drRnala(bHO; r)Rna′ la(ba′ ; r), (2.50)
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and bHO and ba′ are the characteristic lengths of the harmonic oscillator basis and the
general basis respectively. The transformation (2.47) [or (2.48)] involves an infinite
quadruple sum over orbitals. The sum must be truncated, e.g., according to a one-
body shell cutoff Ncut which must be selected in a way which ensures that NCCI
calculations in the general basis are Ncut independent.
In principle, the two-body transformation (2.47) can be used to obtain the two-
body matrix elements of the relative kinetic energy operator in the general basis
(provided that the matrix elements in the harmonic oscillator or some other single-
particle basis are known). However, in Ref. [35] the transformation from the harmonic
oscillator to the Laguerre basis was found to yield calculated results which were highly
sensitive to the Ncut truncation. Therefore, the two-body matrix elements of the
relative kinetic energy operator were calculated directly in the general single-particle
basis [35]. Recall that the relative kinetic energy operator separates into one and
two-body parts. Specifically, rearranging (2.28) we get
Trel =
1
4AmN
A∑
i 6=j
(pi − pj)2 = 1
2AmN
[
(A− 1)
A∑
i=1
p2i −
A∑
i 6=j
pi · pj
]
. (2.51)
The first term is a one-body operator the matrix elements of which can be calculated
using the momentum space representation of the general single-particle basis. The
second term is a two-body operator the matrix elements of which factorize according
to Racah’s reduction formula [5]
〈c′d′; J |pi · pj|a′b′; J〉 = (−1)jd′+ja′+J
jc′ jd′ Jjb′ ja′ 1
 〈c′||pi||a′〉〈d′||pj||b′〉, (2.52)
where 〈c′||p||a′〉 ∝ [∫∞
0
dkR˜nc′ lc′ (b; k)kR˜na′ la′ (b; k)]〈lc′jc′ ||Y1||la′ja′〉, R˜n′l′(b; k) is the
momentum space representation of the general single-particle states, and p ≡ ~k.
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CHAPTER 3
NATURAL ORBITALS FOR NO-CORE CONFIGURATION INTERACTION
CALCULATIONS
3.1 Overview
Choosing a single-particle basis able to describe the complex multiscale physics
of the atomic nucleus is critical for the description of the nuclear many-body wave
function. The nuclear wave function must be able to describe both strong short-range
correlations between nucleons and long-range asymptotics which are important for the
description of halo nuclei for example. In this chapter, we introduce natural orbitals
for NCCI calculations in our attempt to efficiently describe the nuclear many-body
wave function and accelerate the convergence of observables in truncated spaces.
Natural orbitals were first introduced in atomic physics, where it was shown that
they provide a single-particle basis which leads to fast convergence of configura-
tion interaction calculations using a few Slater determinants [37, 56–60]. In nuclear
physics, natural orbitals were used to study Jastrow type correlations in closed shell
nuclei [61, 62] and nuclear charge distributions [63].
We start by motivating the need for natural orbitals in NCCI calculations and
subsequently, we derive natural orbitals by diagonalizing scalar one-body density
matrices obtained from initial NCCI calculations in the harmonic oscillator basis
(Sec. 3.2). We then obtain the two-body matrix elements of the NCCI Hamiltonian
in the natural orbital basis (Sec. 3.3) and use them to perform NCCI calculations
for the ground state energy and proton radius in the ground state of 3He and 4He
(Sec. 3.4).
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3.2 Why natural orbitals
In the last two chapters we saw that despite the convenient properties afforded
by the harmonic oscillator basis, the convergence of observables calculated using
the oscillator basis in terms of Nmax is slow. The problem is severe for long-range
operators such as the calculated proton radius which we demonstrated in the example
calculations shown in Figs. 1.2(b) and 2.1(b) for 6He and 3He respectively. One
reason for slow convergence can be attributed to the Gaussian (∼ e−br2) asymptotics
carried by the harmonic oscillator basis which do not match the exponential (∼ e−br)
asymptotics of the nuclear many-body wave function. Another reason might be that
using the harmonic oscillator single-particle basis to obtain the nuclear many-body
wave function we introduce superficial correlations between nucleons in the many-
body wave function. As we saw in Sec 2.8, these correlations can be studied using
the one-body density matrix.
Our goal is to accelerate the convergence of NCCI calculations in truncated spaces.
Many methods have been proposed to address the problem. In the importance trun-
cated no-core shell model [64], the many-body states which have major contributions
to the ground state many-body wave function at a given Nmax are selected using
multi-configurational perturbation theory. The diagonalization of the Hamiltonian is
then performed in the (reduced) space defined by the selected many-body states and
the goal is to reproduce the results obtained using the full Nmax space as accurately
as possible. Another method has already been discussed in Chapter 2, and it sug-
gests that one can use results calculated in truncated spaces to extrapolate to the full
Nmax → ∞ space. In the symmetry-adapted no-core shell model (SA-NCSM) [65],
a many-particle basis that exploits the physically relevant SU(3) ⊃ SO(3) group-
subgroup chain is utilized. Using the SU(3) symmetry adapted basis, only a small
fraction of the complete model space is needed to model nuclear collective dynamics,
deformation, and α-particle clustering. In the symplectic no-core configuration inter-
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action scheme (SpNCCI), one uses the Sp(3, R) basis for the expansion of the many-
body wave function to take advantage of the Sp(3, R) symmetry which is conserved
by the kinetic energy operator. Using the Sp(3, R) basis, the size of the many-body
space for a given Nmax is reduced. In the no-core shell model with continuum [66], the
no-core shell model (NCSM), a bound-state technique, is combined with the no-core
shell model/resonating group method (NCSM/RGM), a nuclear scattering technique,
to describe both bound and scattering states of light nuclei. Finally, one can replace
the harmonic oscillator basis, which is traditionally used with the NCCI approach,
with another single-particle basis which is the approach we follow here.
We thus seek a physically adapted single-particle basis in which the many-body
wave function is efficiently and accurately described in a truncated many-body space.
The natural orbital basis minimizes the mean occupancies of single-particle states
above the Fermi surface, therefore reducing the contributions from high-lying os-
cillator orbitals in describing the many-body wave function. Intuitively, the natural
orbitals may be understood as an attempt to recover the single-particle basis in terms
of which the many-body wave function most resembles a single Slater determinant.
However, the many-body wave function is highly correlated, therefore transforming
to natural orbitals enhances the role of Slater determinants involving low-lying states,
thus leading to faster convergence.
As we saw in Chapter 2 the many-body states used in NCCI calculations are
constructed as antisymmetrized products of |nljm〉 harmonic oscillator single-particle
states. We thus want to maintain l and j as good quantum numbers for our natural
orbital basis. The scalar one-body density matrix given by
ρ
(0)
ab ≡ 〈Ψ|
[
c†ac˜b
]
0 0
|Ψ〉, (3.1)
where c†a represents the creation operator for a nucleon in orbital a = (nalaja), c˜b is the
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annihilation operator for a nucleon in orbital b = (nblbjb) [the tilde operator means
that the operator c˜b ≡ (−1)jb+mbcb,−mb is a proper spherical tensor of rank jb], and
[. . .]0 0 represents spherical tensor coupling to angular momentum 0. The diagonal
entries give the occupancies of the single-particle orbitals Na = (2ja + 1)1/2ρ (0)aa in
the many-body wave function |Ψ〉. The scalar density matrix only connects orbitals
which share the same l and j, i.e., they differ only in their radial quantum number
n. Therefore the natural orbitals obtained by diagonalizing (3.1) represent a change
of basis on the radial functions separately in each lj space
|a′〉 ≡ |n′alaja〉 =
∑
na
α
(la,ja)
n′a,na
|nalaja〉, (3.2)
where α
(la,ja)
n′a,na
are obtained by the diagonalization of (3.1), n′a is a counting index, and
the sum over na runs from 0 to the radial quantum number of the highest occupied
oscillator orbital in the initial |Ψ〉. That is 0 ≤ na ≤ (Nmax + Nv − l)/2, where
Nv is the nominal shell quantum number of the valence shell in the lowest allowed
configuration (i.e., Nv = 0 for s-shell nuclei and Nv = 1 for p-shell nuclei). Note that
the density matrix does not mix proton and neutron orbitals, therefore the proton
and neutron natural orbitals are in general different.
Finally, before using natural orbitals as the single-particle basis for NCCI calcu-
lations, we need to make sure that we have a way to truncate our many-body basis
built using natural orbitals. The eigenvalues of the scalar one-body density matrix
(3.1) represent the mean occupancy of each natural orbital in the many-body wave
function. We order the natural orbitals by decreasing eigenvalue of the scalar density
matrix, i.e., starting with n = 0 for the natural orbital with the highest eigenvalue
[〈N0lj〉 ≥ 〈N1lj〉 ≥ . . .]. Thus, an n quantum number for an Nmax-type truncation
scheme is obtained.
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3.3 Two-body matrix elements in the natural orbital basis
To build the many-body Hamiltonian matrix in the natural orbital basis we first
need to calculate the two-body matrix elements of the NCCI Hamiltonian (2.2) in the
natural orbital basis. The matrix elements are calculated by taking advantage of the
fact that the two-body matrix elements of the Hamiltonian (in the natural orbital
basis) can be obtained as linear combinations of the two-body matrix elements of
the Hamiltonian in the harmonic oscillator basis (since the natural orbitals are linear
combinations of harmonic oscillator orbitals).
Let us start with the two-body matrix elements of the interaction in the natural
orbital basis. These can be obtained by transforming two-body matrix elements
expressed in the harmonic oscillator basis to the natural orbital basis. Assume that
|a′〉 is a natural orbital obtained by diagonalizing a density matrix which was in turn
obtained in an initial NCCI calculation with ~ω ∝ b−2. Moreover, assume that |a¯〉 is
a harmonic oscillator orbital with the same ~ω ∝ b−2 as the natural orbital. Finally,
the interaction two-body matrix elements 〈cd; J |V |ab; J〉 are known and expressed in
terms of the harmonic oscillator basis with ~ωint ∝ b−2int , where in general b 6= bint. To
obtain the matrix elements 〈c′d′; J |V |a′b′; J〉 in the natural orbital basis we can use
the two-body transformation (2.47)
〈c′d′; J |V |a′b′; J〉 =
∑
abcd
〈a|a′〉〈b|b′〉〈c|c′〉〈d|d′〉〈cd; J |V |ab; J〉. (3.3)
We thus need to evaluate the overlap brackets 〈a|a′〉. Recall that the natural orbitals
are linear combinations of the harmonic oscillator orbitals |a¯〉. Using (3.2) we have
|a′〉 =
∑
a¯
〈a¯|a′〉|a¯〉 =
∑
n¯a
α
(l¯a,j¯a)
n′a,n¯a
|a¯〉. (3.4)
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Now using (3.4) the brackets 〈a|a′〉 are obtained as
〈a|a′〉 =
∑
a¯
〈a|a¯〉〈a¯|a′〉, (3.5)
where 〈a|a¯〉 = 〈Rnala|Rn¯a l¯a〉δ(laja)(l¯aj¯a). The overlap between radial oscillator functions
is given by
〈Rnala|Rn¯a l¯a〉 =
∫ ∞
0
drRnala(bint; r)Rn¯a l¯a(b; r). (3.6)
Once the brackets 〈a|a′〉, . . . , 〈d|d′〉 are obtained, we can plug them into the quadruple
sum in (3.3). The sum must then be truncated according to a one-body shell cutoff
Ncut which ensures that the calculated results are Ncut independent as descibed in
Sec. 2.10.
The two-body matrix elements of the relative kinetic energy operator can be
calculated using known single-particle matrix elements in the harmonic oscillator
basis. Recall that the relative kinetic energy operator (2.28) is written as a sum
of one-body operator and a separable two-body operator as described in Sec. 2.10.
The two-body matrix elements of the relative kinetic energy operator in the harmonic
oscillator basis are obtained using single-particle matrix elements of the form 〈a¯|O|b¯〉,
where O = k, or k2, p ≡ ~k, and |a¯〉 is a harmonic oscillator orbital. Now notice
that using the matrix elements 〈a¯|O|b¯〉 and (3.2), we can obtain the matrix elements
〈a′|O|b′〉 in the natural orbital basis
〈a′|O|b′〉 =
∑
a¯b¯
〈a′|a¯〉〈a¯|O|b¯〉〈b¯|b′〉. (3.7)
The diagonalization of the scalar density matrix, the calculation of the overlap
brackets (3.5), and the calculation of the matrix elements (3.7) is taken care by
the suite of computer programs noutils developed for this work. Once the overlap
brackets (3.5) and the matrix elements (3.7) are obtained, they are given as input
39
to the suite of programs h2utils developed for Refs. [35, 36], which in turn prepares
the two-body matrix elements of the Hamiltonian in the natural orbital basis. The
two-body matrix elements of the Hamiltonian in the natural orbital basis are then
passed as input to MFDn which performs the many-body calculation.
3.4 Example calculations using natural orbitals
In this section we test natural orbitals in example NCCI calculations for 3,4He. We
begin by studying the properties of the calculated natural orbitals, we then present
the calculated ground state properties of 3,4He in the natural orbital basis, and, finally,
we extrapolate the calculated results using infrared extrapolations.
The starting point for the calculations presented here is an NCCI calculation for
3,4He in the harmonic oscillator basis. The initial calculations are performed using
the JISP16 internucleon interaction, the Coulomb interaction between protons, ~ω
parameters in the range 10-40 MeV, and Nmax truncation of the many-body basis up
to Nmax = 16. Subsequently, the natural orbitals are first derived, by diagonalizing
the initial scalar one-body density matrices (in the ground state) for each (Nmax, ~ω)
pair, and subsequently used as the new single-particle basis for the NCCI calculations.
Let us start by studying how the natural orbitals are built. In Fig. 3.1, the proton
(top) and neutron (bottom) 0p3/2 natural orbitals of
3He derived from an initial scalar
one-body density matrix with Nmax = 16 and ~ω = 10 (left), 20 (middle), and 40 MeV
(right) are plotted. The contributions from individual oscillator orbitals are shown
by the light grey curves. In the inset panel we plot the squared amplitudes of the
contributions (to the natural orbital) from each major oscillator shell N [recall that
N = 2n+l so the sum over n in (3.2) is equivalent to a sum overN ]. For ~ω = 10 MeV,
the natural orbitals have shorter tails than the initial harmonic oscillator orbitals.
The neutron natural orbital has a slightly longer tail than the proton natural orbital,
and the main contributions to the natural orbitals come from the N = 1 and 3 shells.
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Figure 3.1. Radial wave function for the proton (top) and neutron
(bottom) 0p3/2 natural orbitals of
3He derived from the ground state scalar
one-body density in the harmonic oscillator basis. The contributions from
individual oscillator basis functions are shown with gray curves. The
squared amplitude P (N) of these contributions are shown in the inset. The
initial calculation was performed at Nmax = 16 and ~ω = 10 (left), 20
(middle), and 40 MeV (right).
For ~ω = 20 MeV, the proton natural orbital receives significant contributions from
the N = 1 and 3 shells resulting in a significantly more elongated tail than the initial
oscillator orbitals. The neutron natural orbital mainly receives contributions from the
N = 1 shell and it also acquires an elongated tail compared to the initial oscillator
orbitals. Finally for ~ω = 40 MeV, both the proton and neutron orbitals acquire
elongated tails compared to the initial oscillator orbitals, with the proton orbitals
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Figure 3.2. Radial probability density functions P (r) = r2|Rnlj(b; r)|2 for
the harmonic oscillator (dashed curves), proton (thick curves), and neutron
(dark curves) orbitals of 3He up to the N = 2 major shell. The natural
orbitals were derived from an initial one-body density matrix with
Nmax = 16 and ~ω = 20 MeV.
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having a longer tail than the neutron orbitals.
It is also interesting to study the behavior of the natural orbitals of the first three
major oscillator shells. In Fig. 3.2, we plot the radial probability density P (r) =
r2|Rnlj(b; r)|2 [the j-dependence of the natural orbital radial functions comes from
the expansion coefficients α
(la,ja)
n′a,na
in (3.2)] for the oscillator (dashed curves), proton
(thick dark curves), and neutron (dark curves) orbitals of 3He up to the N = 2
shell. The natural orbitals were obtained by diagonalizing initial density matrices
with Nmax = 16 and ~ω = 20 MeV. We observe that the proton natural orbitals
acquire longer tails than both the neutron natural orbitals and the initial oscillator
orbitals. The tails of the neutron natural orbitals are also longer than the tails of
the initial harmonic oscillator orbitals except for the neutron orbitals 0p1/2 and 0d3/2
which have slightly shorter tails than the initial oscillator orbitals.
We now turn our attention to the calculated ground state energy, shown in
Fig. 3.3(a) for 3He and Fig. 3.3(b) for 4He. Results obtained using harmonic os-
cillator orbitals are plotted with dashed curves and results obtained using natural
orbitals are plotted with solid curves.
Overall, we observe that convergence in terms of Nmax is faster for the natural
orbital basis compared to the harmonic oscillator basis for both nuclei. Moreover,
the natural orbital basis improves convergence in terms of the ~ω parameter of the
single-particle basis compared to the harmonic oscillator basis. For 3He, the difference
between the calculated energy at the variational minimum of the Nmax = 14 and
Nmax = 16 natural orbital curves is about ∼ 5 keV compared to about ∼ 10 keV
for the harmonic oscillator curves (convergence is only approximate). For 4He, the
natural orbital basis achieves nearly ~ω-independent results at Nmax = 16.
Let us now move to the calculated proton radii shown in Fig. 3.3(c) for 3He and
Fig. 3.3(d) for 4He respectively. Convergence in terms of Nmax is also accelerated for
both nuclei using natural orbitals (as with the calculated energy case) compared to
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Figure 3.3. The calculated ground state energy (top) and proton radius in
the ground state (bottom) of 3He (left), and 4He (right) obtained using
harmonic oscillator orbitals (dashed curves) and natural orbitals (solid
curves). The red colored curves show results obtained for the highest Nmax
truncation (Nmax = 16).
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Figure 3.4. Decomposition of the calculated many-body wave function of
the 1/2+ ground state of 3He in terms of components with Nex excitation
quanta. The many-body wave function was obtained for Nmax = 16 and
~ω = 20 MeV using the harmonic oscillator basis (dashed curves) and the
natural orbital basis (solid curves).
using harmonic oscillator orbitals. Moreover, the ~ω convergence is improved using
natural orbitals than using oscillator orbitals. For 4He the calculated results converge
using either basis. Using natural orbitals yields approximately ~ω independent results
at Nmax = 16. For
3He, full convergence is not reached using the natural orbital basis
despite the significant improvement of the convergence in terms of Nmax afforded by
the natural orbitals.
To infer whether the natural orbital basis builds in contributions from high-N
orbitals of the initial basis, we can plot the decomposition of the many-body wave
function in terms of components with Nex excitation quanta above the minimal con-
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figuration (the N0 configuration). In Fig. 3.4, we plot this decomposition for the
calculated ground state wave-function of 3He obtained using harmonic oscillator or-
bitals (dashed curves) and natural orbitals (solid curves) at Nmax = 16 and ~ω = 20
MeV. We observe, that contributions from high-Nex components of the oscillator ba-
sis are now build into the natural orbital basis. This means that the role of Slater
determinants involving (natural) orbitals with low N is enhanced.
The removal of spurious center-of-mass states when we move away from the har-
monic oscillator basis is very important. To study whether some degree of separability
is maintained using natural orbitals, we can study the convergence properties of the
expectation value of the operator Nc.m. (which counts the center-of-mass quanta in
a many-body wave function) in the ground state of 4He. In Fig. 3.5, we plot the
expectation value 〈Nc.m.〉 of the center-of-mass operator against ~ω for various Nmax
truncations. (The flat values around the ~ω ≈ 20 MeV region are due to the output
precision of MFDn and has no physical meaning). We observe that around the mini-
mum (~ω ≈ 20 MeV) of the Nmax = 4 curve, the expectation value is approximately
10−2 and it reduces to 10−4 by Nmax = 8. Thus, a satisfactory degree of separability
is still maintained using the natural orbital basis. Therefore, we can still add a Law-
son term to the NCCI Hamiltonian built using natural orbitals to raise the spurious
center-of-mass states out of the low-lying spectrum.
Although using natural orbitals leads to both faster convergence of calculated ob-
servables in terms of Nmax and improved ~ω convergence compared to the harmonic
oscillator basis, full convergence is not achieved for the proton radius of 3He. Thus,
it is important to test whether we can still use extrapolation methods with results
obtained using the natural orbital basis for the cases when convergence is incomplete.
The natural orbital basis spans the same single-particle space as the harmonic oscil-
lator basis therefore we can attempt to use the infrared extrapolation method (which
was originally developed for the harmonic oscillator basis) with results obtained using
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Figure 3.5. The expectation value of the center-of-mass operator 〈Nc.m.〉 in
the calculated ground state wave-function of 4He, obtained using natural
orbitals, as a function of ~ω at various Nmax truncations of the many-body
basis.
natural orbitals.
In Fig. 3.6, we extrapolate the calculated results for 3He, obtained with the har-
monic oscillator basis (left), and the natural orbital basis (middle). Moreover, we
study the convergence of both the calculated results and the extrapolated results in
terms of Nmax for ~ω = 20 MeV (right). We perform a three-point infrared extrap-
olation for results sharing the same ~ω and obtained at three different consecutive
Nmax truncations of the many-body basis (Nmax = 12, 14, 16) which are deemed UV
converged as described in Chapter 2.
In the top row [panels (a), (b), (c)], we observe that the extrapolated ground state
energy converges in terms of ~ω, both for the harmonic oscillator basis [panel (a)] and
47
�
��
��
����������������������
(�)
-����-����
-����-����
-����-����
-����-����
�(�
��)
�
����
��
����
(�)
����
����
����
����
����
����
����
� �
�
�
��
��
(�)
�
����
��
����
(�)
�(�
��)
�
���
��
��
����
��
(�)
���
���
���
���
���
� �
�� �� �� ��ℏω (���)
�
���
����
����
��
(�)
�� �� �� ��ℏω (���)
�� (����) �� (����)�� (������) �� (������)(�)
(�)
��� �/��+ℏω = �� ���
(�)
� � � � � �� �� �� ������
Figure 3.6. Infrared basis extrapolations for the 3He ground state
energy (top), proton radius (middle), and matter radius (bottom), based on
calculations in the harmonic oscillator basis (left) and natural orbital
basis (middle). The extrapolations (diamonds) are shown along with the
underlying calculated results (plain curves) as functions of ~ω at fixed Nmax
(as indicated). The right column shows the evolution of the calculated and
extrapolated results with Nmax for ~ω = 20 MeV.
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Figure 3.7. Infrared basis extrapolations for the 4He ground state
energy (top), proton radius (middle), and matter radius (bottom), based on
calculations in the harmonic oscillator basis (left) and natural orbital
basis (middle). The extrapolations (diamonds) are shown along with the
underlying calculated results (plain curves) as functions of ~ω at fixed Nmax
(as indicated). The right column shows the evolution of the calculated and
extrapolated results with Nmax for ~ω = 20 MeV.
the natural orbital basis [panel (b)] (however, a slight ~ω dependence persists for the
harmonic oscillator extrapolated results). The evolution of the extrapolated results
in terms of Nmax [panel (c)] confirms that the extrapolated results are approximately
identical for the two bases. Moreover, the extrapolated results are somewhat stable
with respect to Nmax (i.e., extrapolating the Nmax = 10, 12, and 14 calculated results
yields approximately the same extrapolated energy as the Nmax = 12, 14, and 16
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calculated results). The extrapolated result at ~ω = 20 MeV is −7.67 MeV for both
bases, 5 keV short of the experimental result.
In the middle row [panels (d), (e), (f)], we observe that the harmonic oscillator ex-
trapolated proton radius results stagger with respect to ~ω, while the natural orbital
results have a smoother dependence on ~ω. Finally, in the bottom row, we observe
(similarly to the proton extrapolations) that the harmonic oscillator extrapolated
matter radius staggers with ~ω, while the natural orbital extrapolated matter radius
is more stable with respect to ~ω. For the proton radius, the extrapolated results
(across the range of ~ω parameters shown) are found in the range 1.77-1.80 fm and
1.78-1.81 fm for the harmonic oscillator and natural orbital basis respectively. These
results are consistent with the experimental result [rp = 1.774(6) fm] however, they
are not fully reliable as they depend on the ~ω parameter.
In Fig. 3.7, we extrapolate the calculated results for 4He obtained using the har-
monic oscillator basis (left), and the natural orbital basis (middle). We also plot the
evolution of both the calculated and the extrapolated results with Nmax for constant
~ω = 20 MeV. In the top row, we observe that the extrapolated ground state energy
results converge for both bases. For the natural orbital basis, the extrapolated ground
state energy results are nearly ~ω independent. In the bottom row, the extrapolated
proton radii converge in terms of ~ω for both bases. For the natural orbital basis,
the extrapolated proton radii are ~ω independent. Quantitatively, the extrapolated
ground state energy obtained at ~ω = 20 MeV using either basis (−28.3 MeV) is
consistent with the experimental result (−28.3 MeV). The extrapolated proton ra-
dius obtained for either basis at ~ω = 20 MeV (rp = 1.44 fm) is ∼ 0.02 fm short of
the experimental result [rp = 1.462(6) fm].
The overall conclusion is that we can still use the infrared extrapolation method
with results calculated using natural orbitals. Moreover, extrapolating results calcu-
lated using the natural orbital basis yields improved convergence (of the extrapolated
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results) in terms of Nmax (see the right column in Figs. 3.6 and 3.7) and ~ω, compared
to extrapolating results calculated using the harmonic oscillator basis.
51
CHAPTER 4
HALO NUCLEI 6He AND 8He IN A NATURAL ORBITAL BASIS
4.1 Overview
Halo nuclei [67–70] are nuclei which can be be described as an inert core nucleus
surrounded by (valence) nucleons orbiting around the core at large distances, forming
a halo. The separation energy of the halo (valence) nucleons is small compared to
the energy required to separate nucleons from the core, and the bound halo nuclear
states are close to the continuum. For example, the halo nuclei 6He and 8He consist of
a (tightly bound) 4He core surrounded by two and four weakly bound halo neutrons,
respectively. The combination of weak binding and short-range nuclear force means
that the halo nucleons can tunnel out into a volume well beyond the nuclear core and
into the classically forbidden region [71]. To understand this, consider the example
of a simple one-dimensional square well. The deeply bound states of the square well
are confined within the potential, and have very little extension beyond the walls of
the potential however, the weakly bound states near the surface of the potential can
penetrate well outside the walls of the well.
The accurate description of the structure of a halo nucleus depends on the cor-
rect description of the long-range part of the many-body wave function [72]. In the
example of the 6He system, the stability of the nucleus results from the pairing of the
two valence neutrons and the effects of the three-body nuclear force (note that the
5He system is unbound). Because the core and valence nucleons can be separated,
the nucleus is often described as a cluster system [73, 74]. In a recent study, 6He
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was studied as a cluster system consisting of an alpha particle core with two valence
neutrons orbiting around the core (4He + n + n system) [75]. This approach uses
the NCCI model space supplemented with cluster degrees of freedom to describe the
ground and resonant states of 6He. The study concluded that the convergence of
the matter rms radius improves compared to using the NCCI model space alone,
while the approach allows for the description of the resonant states of 6He. Within
the basic NCCI approach, the nuclei 6He and 8He were previously studied using the
traditional harmonic oscillator basis and the Laguerre basis [36]. For the Laguerre
basis the effect of using different length parameters for the neutron and proton radial
functions was investigated. However, slow convergence of the calculated radii and
energies with respect to the truncation of the model space persists even when differ-
ent lengths for protons and neutrons are used. Here we consider natural orbitals for
the challenging many-body calculation of 6,8He. These results were reported in part
in Ref. [76].
We start by presenting the results from the many-body calculations performed
for 6He and 8He using the harmonic oscillator basis and the natural orbital basis
(Sec. 4.2). The calculated results obtained using both bases are then extrapolated
to the full space using the infrared extrapolation method (Sec. 4.3). Finally, an
estimation of the converged radii based on the crossover point is also made (Sec. 4.4).
4.2 Results
As in the previous chapter, we start with an initial many-body calculation using
the harmonic oscillator basis, the JISP16 internucleon interaction, and the Coulomb
interaction between protons. For the initial calculations, we used truncations of the
many-body basis up to Nmax = 16 for
6He and Nmax = 14 for
8He, respectively, and
~ω parameters in the range 10-40 MeV.
Subsequently, the calculations were repeated using natural orbitals obtained by di-
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agonalizing the initial one-body density matrices for each (Nmax, ~ω) pair. To obtain
the two-body matrix elements of the JISP16 interaction in the natural orbital basis,
we started with the JISP16 two-body matrix elements expressed in the harmonic os-
cillator basis with ~ωint = 40 MeV, and performed the two-body transformation (3.3)
to get the two-body matrix elements in the natural orbital basis.
To assess which shell truncation Ncut in the quadruple sum in (3.3) yields Ncut-
independent results we first performed NCCI calculations in the natural orbital basis
(up to Nmax = 10) with Ncut = 9, 11, 13. In Fig. 4.1, we plot the calculated ground
state energy (a) and proton radius in the ground state (b) obtained using the natural
orbital basis and one-body shell truncations Ncut = 9 (dotted curves), 11 (dashed
curves), and 13 (solid curves). For the calculated ground state energy [panel (a)],
we observe that there is some slight Ncut dependence of the calculated results for
low Nmax truncations (and low ~ω parameters) which diminishes as Nmax increases.
For the calculated proton radius [panel (b)], there is a slight dependence on Ncut
at the highest Nmax = 10 truncation (and low ~ω parameters) which is however
very small (∼ 10−3 fm). Thus, we conclude that a shell truncation of Ncut = 13
provides sufficiently Ncut independent results. Throughout this thesis, we start from
the JISP16 interaction expressed in the harmonic oscillator basis with ~ωint = 40
MeV and transform to the natural orbital basis using a one-body shell truncation
Ncut = 13.
4.2.1 Natural orbitals
Before presenting the many-body calculations, it is instructive to study the prop-
erties of the natural orbitals of 6,8He. In Figs. 4.2 and 4.3, we plot the radial probabil-
ity density P (r) = r2|Rnlj(b; r)|2 for the harmonic oscillator (dashed curves), proton
(thick dark curves), and neutron (dark curves) orbitals of 6He and 8He up to the
N = 2 major shell, obtained from initial harmonic oscillator scalar one-body densi-
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Figure 4.1. The calculated ground state energy (a) and proton radius in the
ground state (b) of 6He, obtained using the natural orbital basis and
one-body shell truncations of the quadruple sum in (3.3) Ncut = 9 (dotted
curves), 11 (dashed curves), and 13 (solid curves). The initial JISP16
interaction is expressed in the harmonic oscillator basis with ~ωint = 40
MeV.
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Figure 4.2. Radial probability density functions P (r) = r2|Rnlj(b; r)|2 for
harmonic oscillator (dashed curves), proton (thick dark curves), and
neutron (dark curves) orbitals of 6He up to the N = 2 major shell. The
natural orbitals were derived from an initial scalar one-body density matrix
obtained in the harmonic oscillator basis at Nmax = 16 and ~ω = 20 MeV.
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Figure 4.3. Radial probability density functions P (r) = r2|Rnlj(b; r)|2 for
harmonic oscillator (dashed curves), proton (thick dark curves), and
neutron (dark curves) orbitals of 8He up to the N = 2 major shell. The
natural orbitals were derived from an initial scalar one-body density matrix
obtained in the harmonic oscillator basis at Nmax = 16 and ~ω = 20 MeV.
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ties with ~ω = 20 MeV and Nmax = 16 and Nmax = 14 for 6He and 8He respectively.
We observe that the natural orbitals of 6He and 8He are comparable. Specifically,
the tails of the neutron natural orbitals are longer than the tails of both the proton
natural orbitals and the initial harmonic oscillator orbitals. Moreover, the tails of
the proton natural orbitals are shorter than the tails of the initial harmonic oscillator
orbitals.
4.2.2 Calculated energies and radii
Several experimental properties of the ground state of 6He support the interpreta-
tion that it consists of a weakly-bound two-neutron halo surrounding a tightly-bound
α core [67, 68]. Similarly, the 8He nucleus is interpreted as an α core surrounded by
four halo neutrons. The two-neutron separation energy for 6He is only 0.97 MeV, out
of a total binding energy of 29.27 MeV, while the two-neutron separation energy of
8He is 2.13 MeV out of a total binding energy of 31.40 MeV [77]. Experimentally,
the onset of halo structure along the He isotopic chain is indicated by a jump in the
measured charge and matter radii, from 4He to 6He (the charge and matter radii of
8He are comparable to those of 6He). The root mean square (rms) point-proton dis-
tribution radius rp, which may be deduced from the measured charge radius rc [78],
increases by 32% from 4He [rp = 1.462(6) fm] to
6He [rp = 1.934(9) fm] [78–80].
[The point-proton rms radius of 8He is rp = 1.881(17) fm [78]]. This increase may be
understood as a consequence of halo structure, arising from the recoil of the charged
α core against the halo neutrons [as well as possible contributions from swelling of
the α core [78]].
The matter radii are obtained with considerably greater uncertainties, from either
nuclear interaction cross sections [68] or proton-nucleus elastic scattering data [81].
These methods yield model-dependent and often contradictory results along the He
isotopic chain. Specifically, the reported values are in the range 1.46-1.66 fm for 4He,
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Figure 4.4. The calculated ground state energy (top) and point-proton rms
radius in the ground state (bottom) of 6He (left), and 8He (right) obtained
using harmonic oscillator orbitals (dashed curves) and natural orbitals
(solid curves). The JISP16 internucleon interaction and the Coulomb
interaction between protons were used. The red colored curves show results
obtained at the highest Nmax truncation.
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2.23-2.75 fm for 6He, and 2.38-2.61 fm for 8He [69, 81–83].
Theoretically, the point-nucleon rms radii (derived by assuming that the nucleon
is a point particle) are derived by evaluating the expectation value of the point-
nucleon operators with respect to the calculated many-body wave function. Formally,
the point-nucleon rms radii are two-body operators determined with respect to the
center-of-mass [54]
r2p =
1
Z
Z∑
i=1
(ri −R)2 (4.1)
r2n =
1
N
N∑
i=1
(ri −R)2 (4.2)
r2rel =
A∑
i=1
(ri −R)2, (4.3)
where ri is the nucleon’s position vector, R is the center-of-mass vector, and Z, N
is the number of protons and neutrons respectively. The point-proton (rp), point-
neutron (rn), and point-matter (rm) rms radii are related via Ar
2
m = Zr
2
p +Nr
2
n.
Let us now discuss the calculated ground and excited state energies and radii
of 6He and 8He. In Fig. 4.4, we plot the calculated ground state energy (top) and
point-proton rms radius in the 0+ ground state (bottom) of 6He (left) and 8He (right)
obtained using the harmonic oscillator basis (dashed curves) and the natural orbital
basis (solid curves).
We observe that the energies calculated using natural orbitals are lower than
the energies calculated using harmonic oscillator orbitals. This means that using
natural orbitals we come closer to the true value due to the variational principle.
Quantitatively, the natural orbital curves converge faster than the oscillator curves
by (roughly) one step in Nmax in the vicinity of the variational minimum and two (or
more) steps in Nmax at high or low ~ω parameters.
For the calculated point-proton rms radii, results obtained using natural orbitals
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converge faster than results obtained using harmonic oscillator orbitals. Specifically,
at ~ω ≈ 12 MeV the natural orbital curves are about a step in Nmax ahead of the
oscillator curves, while at high ~ω the natural orbital curves are several steps in Nmax
ahead of the oscillator curves. Finally, radii obtained using natural orbitals are less
~ω dependent than radii obtained using oscillator orbitals.
4.3 Infrared extrapolations
In this section we use the infrared extrapolation method (see Chapter 2) with our
calculated results for 6,8He. In Fig. 4.5, we perform a three point extrapolation of the
calculated results of 6He obtained using the harmonic oscillator basis (left column)
and the natural orbital basis (middle column). Moreover, we plot the evolution of the
calculated and extrapolated results with Nmax at ~ω = 20 MeV (right column). In the
same column (right), we also show the experimental results (plotted as rectangles,
where the center of the rectangle is the experimental result and the height of the
rectangle indicates the uncertainty in the experimental result). In the top row we
show the ground state energy results, in the middle row we show the point-proton rms
radius results, and in the bottom row we show the point-matter rms radius results.
The originally calculated results are shown as light curves.
We start with the extrapolated ground state energies of 6He, shown in Fig. 4.5(a)
for the harmonic oscillator basis and Fig. 4.5(b) for the natural orbital basis. We ob-
serve that the extrapolated natural orbital results are considerably less ~ω-dependent
than the extrapolated harmonic oscillator results. Moreover, by looking in Fig. 4.5(c),
we can infer that results obtained by extrapolating calculated natural orbital results
are less Nmax dependent than results obtained by extrapolating harmonic oscillator
results. Going back to Fig. 4.5(b), we can infer that the extrapolated ground state
energy at ~ω ≈ 20 MeV is approximately converged (at the 30 keV level). The extrap-
olated ground state energy result at ~ω = 20 MeV is −28.79 MeV (for comparison
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Figure 4.5. Infrared basis extrapolations for the 6He ground state
energy (top), point-proton rms radius (middle), and point-matter rms
radius (bottom), based on calculations in the harmonic oscillator
basis (left) and natural orbital basis (middle). The evolution of the
calculated and extrapolated results with Nmax at ~ω = 20 MeV and the
experimental values (rectangles) are shown in the right column. The
extrapolations (diamonds) are shown along with the underlying calculated
results (plain curves) as functions of ~ω at fixed Nmax (as indicated).
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the extrapolated ground state energy result for the harmonic oscillator basis at the
same ~ω is −28.80 MeV, which is consistent with the natural orbital result). This
means that using the JISP16 internucleon interaction our calculation underbinds 6He
by about ∼ 0.5 MeV.
Let us now move to the extrapolated point-proton rms radii in the ground state
of 6He, shown in Fig. 4.5(d) for the harmonic oscillator basis and Fig. 4.5(e) for the
natural orbital basis. We observe that the extrapolated harmonic oscillator results
[Fig. 4.5(d)] are considerably more ~ω dependent than the extrapolated natural or-
bital results [Fig. 4.5(e)]. Moreover, in Fig. 4.5(f) we observe that the natural orbital
extrapolations are less Nmax dependent than the harmonic oscillator extrapolated
results. Overall, it is not clear whether we get Nmax converegnce of the extrapolated
results in either basis. However, going back to Fig. 4.5(e), notice that for Nmax = 16
and across all the ~ω values shown the extrapolated rp varies by only ∼ 0.02 fm. Tak-
ing the extrapolated natural orbital proton radius at ~ω = 20 MeV and Nmax = 16
as representative gives rp ≈ 1.82 fm, which is about 0.1 fm short of the experimental
result [rp = 1.462(6) fm].
The extrapolated point-matter rms radii of 6He are shown in Fig. 4.5(g) for the
harmonic oscillator basis, and Fig. 4.5(h) for the natural orbital basis. Similarly
to the extrapolated proton radii, the extrapolated matter rms radii obtained from
the natural orbital results [Fig. 4.5(h)] are less ~ω and Nmax dependent than the
extrapolated matter radii obtained from the oscillator basis results [Fig. 4.5(g)]. At
Nmax = 16, the extrapolated matter radius varies by ∼ 0.07 fm across the ~ω values
shown, which means that a less reliable estimation (compared to the proton radius)
of the matter radius can be made. If we again take the extrapolated natural orbital
radius at ~ω = 20 MeV and Nmax = 16 as representative we get rm ≈ 2.33 fm, which
is within the range of experimentally reported values [rm = 2.23-2.75 fm].
Let us now extrapolate the calculated results of 8He. The ground state energy
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Figure 4.6. Infrared basis extrapolations for the 8He ground state
energy (top), point-proton rms radius (middle), and point-matter rms
radius (bottom), based on calculations in the harmonic oscillator
basis (left) and natural orbital basis (middle). The evolution of the
calculated and extrapolated results with Nmax at ~ω = 20 MeV and the
experimental values (rectangles) are shown in the right column. The
extrapolations (diamonds) are shown along with the underlying calculated
results (plain curves) as functions of ~ω at fixed Nmax (as indicated).
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extrapolations are shown in Figs. 4.6(a) for the harmonic oscillator basis and 4.6(b)
for the natural orbital basis. As with the case of 6He, the natural orbital extrap-
olations are significantly less ~ω and Nmax dependent than the harmonic oscillator
extrapolations. However, because overall the calculated results are less UV converged
than the 6He results (recall that for 8He, calculations were only performed only up to
Nmax = 14) we observe that the extrapolated results in Fig. 4.6(b) do not approxi-
mately converge with respect to Nmax (or ~ω) like the 6He results. If we nevertheless
consider the extrapolated result for ~ω = 20 MeV and Nmax = 14 as representative,
the extrapolated ground state energy (from the natural orbital extrapolations) is
−30.07 MeV (for comparison, the extrapolated ground state energy is −29.97 MeV
for the harmonic oscillator basis), which is ∼ 0.4 MeV short of the experimental
result (−31.40 MeV).
The extrapolated point-proton (middle in Fig. 4.6) and point-matter (bottom in
Fig. 4.6) rms radii of 8He depend significantly on ~ω and Nmax in either basis. The
dependence on ~ω and Nmax is “smoother” for the natural orbital extrapolations
however, notice that in Fig. 4.6(e) the Nmax = 12 extrapolated curve crosses the
Nmax = 14 extrapolated curve in the low ~ω region. Similar conclusions apply to
the extrapolated matter radii in Fig. 4.6(h). For Nmax = 14, the natural orbital
extrapolated results are in the range 1.79-1.80 fm for the proton radius (1.77-1.78 fm
for the harmonic oscillator basis), which is about ∼ 0.13 fm short of the experimental
result [rp = 1.934(9) fm]. Similarly for Nmax = 14, the natural orbital extrapolated
matter radii are in the range 2.38-2.45 fm (2.34-2.42 fm for the harmonic oscillator
basis), consistent with the experimentally reported results 2.38-2.61 fm.
4.4 Crossover point analysis
If we take a close look at the dependence of the calculated point-nucleon radii
as functions of ~ω (Fig. 4.4), we will notice that there is a qualitative similarity
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Figure 4.7. The point-proton and point-matter rms radii in the ground
state of 6He, deduced from the crossover point of two consecutive Nmax
curves (see text). The radii deduced from the harmonic oscillator curves
are plotted using dashed curves and radii deduced from the natural orbital
basis curves are plotted using solid curves.
between the result calculated using the harmonic oscillator or the natural orbital
basis. Specifically, in the low ~ω region (and below the variational minimum) results
obtained for a given Nmax truncation and the immediately higher Nmax + 2 cross at
the so called “crossover point” [36]. To the left of the crossover point the calculated
results decrease with Nmax, and to the right of the crossover point the calculated
results increase with Nmax. Thus, at the crossover point the calculated results are
approximately Nmax independent and the calculated results at the crossover point
can be used as a reasonable estimate of the converged radius.
To deduce the radius at the crossover point we first use a cubic interpolation to
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Figure 4.8. The point-proton and point-matter rms radii in the 0+ ground
state of 8He, deduced from the crossover point of two consecutive Nmax
curves (see text). The radii deduced from the harmonic oscillator curves
are plotted using dashed curves and radii deduced from the natural orbital
basis curves are plotted using solid curves.
fit the calculated results as a function of ~ω and consequently, we find the radius
at the intersection between curves obtained at two consecutive truncations of the
many-body basis. In Fig. 4.7, we plot the calculated radii at the crossover point as a
function of the Nmax truncation for
6He, and in Fig. 4.8, we plot the corresponding
radii for 8He. Results obtained using the harmonic oscillator basis are plotted using
dashed curves and results obtained using natural orbitals are plotted using solid
curves.
For 6He, the point-proton rms radius at the crossover point converges slowly with
respect to Nmax for both bases. Specifically, for the harmonic oscillator basis the
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proton radius varies from rp = 1.70 fm for Nmax = 6 to rp = 1.80 fm for Nmax = 16
and for the natural orbitals it varies from rp = 1.70 fm (Nmax = 6) to rp = 1.81 fm
(Nmax = 16). These results are consistent with our “best estimate” for the point-
proton rms radius taken by extrapolating natural orbital results at Nmax = 16 and
~ω = 20 MeV (rp = 1.82 fm). The point-matter rms radius at the crossover point
varies more significantly with respect to Nmax for both bases, reflecting the fact
that the calculated point-matter rms radius (Fig. 4.4) converges slower with respect
to Nmax than the calculated point-proton rms radius. At the highest Nmax = 16
truncation, we get rm = 2.31 fm for the harmonic oscillator basis and rm = 2.34 fm
for the natural orbital basis (the natural orbital result reflects the faster convergence
of the matter radius with respect to Nmax obtained using the natural orbital basis
instead of using the harmonic oscillator basis). Both results are consistent with the
natural orbital extrapolated result (rm = 2.33 fm) within 0.02 fm.
For 8He, the convergence of the deduced proton and matter radii at the crossover
point with respect to Nmax is qualitatively similar to the convergence with respect
to Nmax of the
6He radii. At the highest Nmax = 14 truncation, the deduced point-
proton rms radius is 1.76 fm for the harmonic oscillator basis and rp = 1.78 fm for the
natural orbital basis, consistent with the extrapolated results (rp = 1.77-1.78 fm and
rp = 1.79-1.8 fm for the harmonic oscillator and natural orbital bases respectively).
The deduced matter radii at Nmax = 14 are 2.39 fm and 2.43 fm for the harmonic
oscillator and natural orbital bases respectively. These results are within the range
of extrapolated results 2.34-2.42 fm and 2.38-2.45 fm, obtained for the harmonic
oscillator and natural orbital bases respectively.
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CHAPTER 5
THE MIRROR NUCLEI 7Li AND 7Be IN A NATURAL ORBITAL BASIS
5.1 Overview
In this chapter we use natural orbitals to study the convergence properties of
calculated observables for the mirror nuclei 7Li and 7Be. Both nuclei have a bound
first excited state, while some of their higher excited states are narrow resonances.
The first excited 1/2− state of both 7Li or 7Be decays to the ground 3/2− state via an
E2 or an M1 transition. The electromagnetic transition probability for this decay can
be calculated using the calculated one-body transition density (2.39). Here we will
study the convergence properties of the B(E2) and B(M1) values for this transition.
In this chapter we start by presenting the calculated ground state energy and
point-proton rms radius in the ground state of 7Li and 7Be (Sec. 5.2). Subsequently,
we present the calculated B(M1; 1/2− → 3/2−) and B(E2; 1/2− → 3/2−) values for
the decay of the first 1/2− excited state of 7Li and 7Be to the 3/2− ground state
(Sec. 5.3). Finally, we extrapolate the calculated ground state energy and point-
proton and matter rms radii in the ground state to the full space using the infrared
extrapolation method (Sec. 5.4).
5.2 Results
We perform an initial many-body calculation in the harmonic oscillator basis using
the JISP16 interaction, the Coulomb interaction between protons, truncations of the
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many-body basis up to Nmax = 14, and ~ω parameters in the range 10-40 MeV. Note
that N0 = 3 for these nuclei therefore, the natural parity spectrum is negative.
As in the calculations described in Chapter 4, after performing the initial calcu-
lation we use the calculated scalar one-body density matrices to deduce the natural
orbitals for each (Nmax, ~ω) pair, which we then use in the subsequent NCCI calcula-
tions in the natural orbital basis. The JISP16 internucleon interaction expressed in
the harmonic oscillator basis at ~ωint = 40 MeV is transformed to the natural orbitals
basis using an Ncut = 13 one-body shell truncation.
In Figs. 5.1(a)-(b), we plot the calculated ground state energy of 7Li and 7Be
respectively. Results obtained using harmonic oscillator orbitals are shown with
dashed curves, while results obtained using natural orbitals are shown with solid
curves. We observe that the calculations performed using natural orbitals accelerate
convergence in terms of Nmax and improve convergence in terms of ~ω compared to
the harmonic oscillator basis for both nuclei (something we have already seen in all
the other nuclei studied in this thesis). Let us now focus on one of the two nuclei
namely 7Li. Quantitatively, at the variational minimum (~ω ≈ 20 MeV), the step
from Nmax = 10 to Nmax = 12 brings us closer to convergence by 0.58 MeV for the
harmonic oscillator basis and 0.45 MeV for the natural orbital basis. The step from
Nmax = 12 to Nmax = 14 brings us closer to convergence by 0.3 MeV for the harmonic
oscillator basis and 0.22 MeV for the natural orbital basis. Moreover, the calculated
energy at the variational minimum of the natural orbital curves is ∼ 0.12 MeV lower
than the calculated energy at the variational minimum of the oscillator curves. These
results indicate that using natural orbitals substantially accelerates convergence in
terms of Nmax thus, due to the variational principle, they bring us closer to the true
ground state energy. Similar conclusions apply to the calculated results of 7Be.
In Figs. 5.1(c)-(d), we plot the calculated point-proton and point-neutron rms
radii of 7Li and 7Be respectively (to avoid cluttering in the figure we only plot results
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Figure 5.1. Calculated ground state energy (top) and point-proton
(neutron) rms radius in the ground state (bottom) of 7Li (left) and 7Be
(right). The results are obtained using the harmonic oscillator basis (dashed
curves) and the natural orbital basis (solid curves), truncations of the
many-body basis up to Nmax = 14, ~ω parameters in the range 10-40 MeV,
the JISP16 NN interaction, and the Coulomb interaction between protons.
Results obtained at the highest Nmax truncation are plotted using red color.
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Figure 5.2. The energy difference ∆E between the calculated ground state
energy of 7Li and 7Be obtained using the harmonic oscillator basis (dashed
curves) and the natural orbital basis (solid curves). The red colored curves
show results obtained at the maximum Nmax = 14 truncation.
calculated for Nmax = 10, 12, 14). For both nuclei, we observe that using natural
orbitals results in a significant improvement of the convergence of the calculated radii
with respect to Nmax. For low ~ω, a narrow shoulder begins to form for the natural
orbital results. Finally, because of the isospin invariance of the nuclear Hamiltonian
we expect that the proton radius of 7Li will be approximately identical to the neutron
radius of 7Be (except for small differences due to the Coulomb interaction) and vice
versa which is indeed what we see in Figs. 5.1(c) and (d).
It is also interesting to study the convergence properties of the difference between
the calculated ground state energies of 7Li and 7Be, i.e., ∆E = E(7Li)−E(7Be) (see
Sec. 5.4 for experimental information). Since 7Li and 7Be are mirror nuclei and the
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JISP16 interaction is isospin invariant, this difference is solely due to the Coulomb
interaction between protons.
In Fig. 5.2, we plot the calculated ∆E as a function of ~ω at various Nmax trunca-
tions obtained using harmonic oscillator (dashed curves) and natural orbitals (solid
curves). We observe that the calculated ∆E obtained using natural orbitals converges
faster with respect to Nmax than the ∆E obtained using harmonic oscillator orbitals.
5.3 Electromagnetic transition probabilities
Electromagnetic transitions between nuclear states probe the structure of nuclei
and have been traditionally used to check the validity of nuclear models. Here we
are interested in the calculation of the reduced transition probability between two
nuclear states with total angular momenta Ji and Jf . (From the reduced transition
probability one can deduce the expected lifetime of a nuclear state). The reduced
transition probabilty is given by [5]
B(σλ; Ji → Jf ) ≡ 1
2Ji + 1
|〈Ψf ||Mσλ||Ji〉|2, (5.1)
where Mσλ is the one-body spherical tensor operator responsible for the transition.
For electric transitions, the tensor operator is written as MEλ = Qλ. For magnetic
transitions, the tensor operator is written as MMλ = Mλ. The reduced matrix
element in (5.1) is calculated using the reduced one-body transition density matrix
〈Ψi||Mσλ||Ψf〉 = λˆ−1
∑
ab
〈a||Mσλ||b〉〈Ψi||
[
c†ac˜b
]
λ
||Ψf〉. (5.2)
The electric tensor operator is given by [5, 84]
Qλµ =
A∑
i=1
e(i)rλi Yλµ(θi, φi), (5.3)
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and the magnetic tensor operator by
Mλµ =
A∑
i=1
[
gs(i)si + gl(i)
2li
λ+ 1
]
· ∇ [rλi Yλµ(θi, φi)] , (5.4)
where e(i) is the electric charge, si and li are the spin and orbital angular momenta
respectively, and gs(i) and gl(i) are the spin and orbital gyromagnetic ratios of nucleon
i respectively. Here we take the electric charge to be equal to e(i) = e for a proton
and e(i) = 0 for a neutron, the spin gyromagnetic ratio to be equal to gs(i) = gp for a
proton and gs(i) = gn for a neutron (where gp = 5.586 µN and gn = −3.826 µN) and
the orbital gyromagnetic ratio to be equal to gl(i) = µN for a proton and gl(i) = 0
for a neutron.
We will focus on the electromagnetic transition probability between the (bound)
1/2− first excited state to the 3/2− ground state of the nuclei 7Li and 7Be. According
to the selection rules [5], this transition can either be an M1 or an E2 transition.
The B(M1) and B(E2) values are obtained using the reduced one-body transition
density matrix and equation (5.1).
Let us start with the calculated B(M1) values for this decay. In Fig. 5.3, we plot
the reduced transition probability B(M1; 1/2− → 3/2−) for 7Li, and in Fig. 5.4 the
reduced transition probability for 7Be. Results obtained using the harmonic oscillator
basis are shown with dashed curves and results obtained using natural orbitals are
shown with solid curves. We observe that full convergence is achieved using wither
basis. Notice that according to (5.4) the magnetic dipole operator M1 is not a long-
range observable (it does not depend on r), hence convergence does not depend on the
long-range asymptotics of the many-body wave function. Compared to the harmonic
oscillator basis, the natural orbital basis improves the convergence of the B(M1)
values in terms of the ~ω parameter and it also accelerates convergence in terms of
Nmax.
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Figure 5.3. The calculated B(M1) values for the transition from the first
1/2− excited state of 7Li to the 3/2− ground state, obtained using
harmonic oscillator orbitals (dashed curves) and natural orbitals (solid
curves), the JISP16 internucleon interaction, and the Coulomb interaction
between protons.
Because the calculated B(M1) values converge we can compare our calculated
results against experimental data. The nuclei 7Li and 7Be are isobars; therefore,
their Weisskopf estimates [5] are identical and equal to BW(M1) = 1.790 (µN/c)
2.
In Ref. [85], the experimentally reported values are 2.75 ± 0.14 Wu and 2.07 ± 0.27
Wu for the B(M1) values of 7Li and 7Be respectively. Our calculated results from
the Nmax = 14 and ~ω > 15 MeV calculations using natural orbitals suggest that the
reduced transition probabilities are 2.17 Wu and 1.64 Wu for 7Li and 7Be respectively.
This suggests that the NCCI calculation using the JISP16 interaction underestimates
the B(M1) values for both nuclei even when we account for the experimental error.
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Figure 5.4. The calculated B(M1) values for the transition from the first
1/2− excited state of 7Be to the 3/2− ground state, obtained using
harmonic oscillator orbitals (dashed curves) and natural orbitals (solid
curves), the JISP16 internucleon interaction, and the Coulomb interaction
between protons.
We now turn our attention to the calculated B(E2) values. In Figs. 5.5 and
5.5, we show the calculated B(E2; 1/2− → 3/2−) values for 7Li and 7Be respectively,
obtained using harmonic oscillator orbitals (dashed curves) and natural orbitals (solid
curves). We observe that the natural orbital basis improves convergence in terms of
Nmax compared to the harmonic oscillator basis; however, full convergence is not
achieved. A narrow shoulder forms at Nmax = 14 and low ~ω parameters for results
obtained using natural orbitals.
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Figure 5.5. The calculated B(E2) values for the transition from the first
1/2− excited state of 7Li to the 3/2− ground state. The results are
obtained using harmonic oscillator orbitals (dashed curves) and natural
orbitals (solid curves), the JISP16 internucleon interaction, and the
Coulomb interaction between protons.
5.4 Infrared extrapolations
We close this chapter by extrapolating the calculated ground state energy, point
proton, and point matter rms radii in the ground state of 7Li using the infrared ex-
trapolation method. Due to the qualitative similarity between the calculated results
of 7Li and 7Be (see Fig. 5.1), we are discussing the extrapolation of the 7Li results in
detail and we only provide final results for 7Be.
In Fig. 5.7, we extrapolate the calculated results of 7Li, obtained using the har-
monic oscillator basis (left), and the natural orbital basis (middle). Moreover, we
study the convergence of both the calculated and extrapolated results with respect
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Figure 5.6. The calculated B(E2) values for the transition from the first
1/2− excited state of 7Be to the 3/2− ground state. The results are
obtained using harmonic oscillator orbitals (dashed curves) and natural
orbitals (solid curves), the JISP16 internucleon interaction, and the
Coulomb interaction between protons.
to Nmax for ~ω = 20 MeV (right). In the same column (right), we also show the
experimental results (plotted as rectangles, where the center of the rectangle is the
experimental result and the height of the rectangle indicates the uncertainty in the
experimental result). We extrapolate three calculated data points that share the
same ~ω and come from three different consecutive truncations of the many-body
basis (as we did in the previous chapters), which are deemed to be approximately
UV converged as described in Chapter 2.
In the top row, we observe that the extrapolated ground state energy results of
7Li have an ~ω dependence for the harmonic oscillator basis [panel (a)], and they
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Figure 5.7. Infrared basis extrapolations for the 7Li ground state
energy (top), point-proton rms radius (middle), point-matter rms radius
(bottom), based on calculations in the harmonic oscillator basis (left) and
natural orbital basis (middle). The extrapolations (diamonds) are shown
along with the underlying calculated results (plain curves) as functions of
~ω at fixed Nmax (as indicated). The evolution of the calculated and
extrapolated results with Nmax at ~ω = 20 MeV and the experimental
values (rectangles) are shown in the right column.
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converge in terms of both Nmax and ~ω for the natural orbital basis [panel (b)].
For the natural orbital basis, extrapolated results with ~ω . 20 MeV do not fully
converge due to perhaps an imperfect UV convergence.
In the middle row, we observe that point-proton rms radii obtained by extrapolat-
ing the harmonic oscillator results cross in the low ~ω region. That is extrapolations
performed using results obtained at different Nmax truncations cross. Moreover, the
extrapolated results depend on ~ω (specifically they decrease as ~ω increases). On
the other hand, the natural orbital extrapolations have a smoother dependence on
both Nmax and ~ω. As ~ω increases the extrapolated results increase, however the
increase is very small (at the ∼ 0.01 fm).
In the bottom row, the extrapolated point-matter rms radii depend on Nmax and
~ω for the harmonic oscillator basis. The situation is (similarly to the proton radius
extrapolations) better for the natural orbital extrapolations. Specifically, the extrap-
olated matter radius changes by only ∼ 0.02 fm across the range of ~ω parameters
shown.
Let us now take the natural orbital extrapolated results at Nmax = 14 and ~ω ≈ 20
MeV as our best estimates of the converged results. For 7Li, the extrapolated ground
state energy is −38.63 MeV, the extrapolated point-proton rms radius is 2.19 fm,
and the extrapolated point-matter rms radius is 2.28 fm. For 7Be, the extrapolated
ground state energy is −37.01 MeV, the extrapolated point-proton rms radius is 2.39
fm, and the extrapolated point-matter rms radius is 2.31 fm.
Finally, we will attempt to compare our “best” extrapolated results against ex-
perimental results starting with the calculated energies. Experimentally, the ground
state energy of 7Li is reported to be [85] −39.25 MeV and that of 7Be −37.60 MeV.
This means that our calculation using the JISP16 interaction underbinds both nuclei
by about ∼ 0.6 MeV. However, our calculation estimates that the energy difference
∆E (see Sec. 5.2) between the ground state energy of 7Li and 7Be is ∼ 1.62 MeV
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which is very close to the experimental result (1.65 MeV).
The point-proton rms radii are deduced from the experimentally measured charge
radii. Charge radii are based on isotope shift measurements in Li atoms [86] and Be+
ions [87] and are referenced to the values of the stable 6Li and 9Be, respectively, which
are independently determined from electron scattering experiments. The reported
values are [78] rp = 2.31(5) fm and rp = 2.507(17) fm for
7Li and 7Be respectively.
Our extrapolated results are about ∼ 0.1 fm short of the experimental result for both
nuclei.
The point-matter rms radii are obtained using interaction cross sections and are
model dependent as discussed in Chapter 4 for the He isotopes. In Ref. [88], the
reported point-matter rms radius is rm = 2.50(3) fm and rm = 2.48(3) fm for
7Li and
7Be respectively. Our “best” extrapolated results are rm = 2.28 fm and rm = 2.31 fm
for 7Li and 7Be, which underestimate rm by ∼ 0.2 fm. However, the extrapolated re-
sults are approximately equal to each other for these two nuclei, like the experimental
results.
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CHAPTER 6
CONCLUSION
The no-core configuration interaction (NCCI) approach strives to describe the
structure of nuclei from first principles, i.e., starting from the internucleon interaction
between protons and neutrons. The approach uses a many-body basis expansion to
cast the problem of finding the eigenvalues and eigenvectors of the Hamiltonian into a
matrix eigenvalue problem. The many-body basis is truncated according to the Nmax
truncation scheme (as described in Chapters 1 and 2), and the many-body basis
states are built using antisymmetrized products of single-particle states. Hence, the
calculated observables (obtained by diagonalizing the Hamiltonian matrix) depend
on the Nmax truncation of the many-body basis and the characteristic length of the
single-particle basis states used (here the ~ω parameter). Convergence (of a calculated
observable) is signaled by an independence of the calculated observable from both
Nmax and ~ω. The predictive power of the NCCI approach is compromised when
we are unable to obtain results which are independent of the two parameters Nmax
and ~ω of the basis. Calculations performed using the traditional harmonic oscillator
basis rarely provide fully converged results as discussed in this thesis.
In this work we introduced natural orbitals for NCCI calculations. The natu-
ral orbitals are obtained by diagonalizing a scalar one-body density matrix obtained
from an initial calculation using harmonic oscillator orbitals as described in Chap-
ter 3. Subsequently, we used natural orbitals as the single-particle basis for ab initio
NCCI calculations for the nuclei 3,4,6,8He, 7Li, and 7Be. Specifically, we calculate the
ground state energy (3,4,6,8He, 7Li, 7Be), the point-proton (matter) rms radii in the
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ground state (3,4,6,8He, 7Li, 7Be), and the reduced transition probabilities B(M1) and
B(E2) for the decay of the first excited state to the ground state (7Li, 7Be). Upon
comparison of the calculated results (using natural orbitals) against results obtained
using harmonic oscillator orbitals, we found that convergence in terms of both Nmax
and ~ω is improved using natural orbitals. Specifically, for long range observables
such as the calculated rms radii and B(E2) values, we found that results obtained
using natural orbitals converge faster than results obtained using harmonic oscillator
orbitals by one to two steps in Nmax (see Chapters 3, 4, and 5). For the calculated
energies we found that convergence is accelerated by about one step in Nmax, and
for the reduced transition probabilities B(M1) we find that calculated results fully
converge using either the harmonic oscillator or the natural orbital basis. When-
ever full convergence is not obtained, we used the infrared extrapolation method
with the calculated results in both bases. Because of the overall improvement in the
convergence of the calculated observables afforded by the natural orbital basis, the
extrapolated results obtained from the natural orbital calculated results are more
stable than the extrapolated results obtained from the harmonic oscillator calculated
results (see Chapters 3, 4, and 5).
Beyond the basic implementation of natural orbitals developed in this work there
are natural extensions which can potentially provide substantial additional improve-
ment in convergence. Let us briefly discuss some of these directions for future devel-
opment.
The natural orbitals are obtained using the one-body density matrix from an
initial calculation in the harmonic oscillator basis. As we saw in this thesis, they
accelerate convergence by mixing in contributions from high-N orbitals in the initial
basis into the final basis, thus providing a physically adapted basis for the nucleus
under study. Using these natural orbitals in a subsequent NCCI calculation yields
a new one-body density matrix, which can in turn be diagonalized to provide new
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natural orbitals. The new natural orbitals will (potentially) further mix in contribu-
tions form high-N orbitals of the initial basis (into the final basis), thus (potentially)
leading to faster convergence of the subsequent NCCI calculation. This procedure
can be continued in an iterative fashion [59].
In this work we derived natural orbitals from initial scalar density matrices in the
traditional harmonic oscillator basis. However, as discussed in Chapter 1, the initial
harmonic oscillator basis carries Gaussian (∼ e−br2) asymptotics which are inadequate
for the description of the exponential (∼ e−br) asymptotics of the nuclear many-body
wave function. Therefore, we can build natural orbitals starting from single-particle
bases which are physically adequate for the description of the nuclear many-body
wave function such as the Laguerre basis (discussed in Chapter 2). The derivation of
natural orbitals from initial single-particle bases other than the harmonic oscillator
basis will be straightforward provided that the initial single-particle basis forms a
discrete, complete, orthonormal basis over R+.
The Nmax truncation scheme provides a convenient way to remove the spurious
center-of-mass states from the calculated low-lying spectrum when we use the har-
monic oscillator basis. However, when we move away from the harmonic oscillator
basis there is no need to maintain the Nmax truncation scheme. For instance, we
can select single-particle orbitals according to their importance in the many-body
wave function. When we use natural orbitals, the criterion which yields which natu-
ral orbitals are the most important is the eigenvalue (of the scalar one-body density
matrix) corresponding to a given natural orbital. This eigenvalue, expresses the ex-
pected occupation number of a given natural orbital in the many-body wave function.
Using these occupations, we can make a sensible choice of the natural orbitals which
will be included in the many-body basis.
Finally, in this work we derived natural orbitals by diagonalizing the ground
state scalar density matrices. These natural orbitals provide a physically adapted
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single-particle basis for the description of the ground state many-body wave func-
tion. Similarly, by diagonalizing the scalar density matrices of excited states we can
potentially obtain natural orbitals which can provide a better description of excited
states.
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